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r ^ ■ Abstract. For a closed Riemannian manifold (M, g) we extend the definition of analytic and 

Reidemeister torsion associated to an orthogonal representation of ni(M) on a A— Hilbert 



module W of finite type where A is a finite von Neumann algebra. 

If (M, W) is of determinant class we prove, generalizing the Cheeger-Miiller theorem, that 
the analytic and Reidemeister torsion are equal. In particular, this proves the conjecture that 
for closed Riemannian manifolds with positive Novikov-Shubin invariants, the Li— analytic 

■ and L2— Reidemeister torsions are equal. 
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■ 0. Introduction 

The purpose of this paper is to prove the equality of L 2 — analytic and L 2 — Reidemeister 
torsion. Both torsions are numerical invariants defined for closed manifolds of determinant 
class, in particular for closed manifolds with positive Novikov-Shubin invariants. For these 
^ ■ manifolds their equality has been conjectured by Carey, Mathai, Lott, Luck, Rothenberg 
and others (cf e.g. [LL, conjecture 9.7]). It is implicit in [Lii3](cf [BFK3]) that any closed 
manifold whose fundamental group is residually finite is of determinant class. 
The interest of the conjecture comes, among other issues, from the geometric significance 
of the L 2 — analytic torsion and the fact that sometimes the L 2 — Reidemeister torsion can 
be computed numerically in a very efficient way. Indeed, if M is a closed hyperbolic 
manifold of dimension 3, the L 2 — analytic torsion coincides, up to a factor —1/3tt, with 
the hyperbolic volume. 

We establish the conjecture by proving a more general result: Given a closed Riemannian 
manifold (M, g), we extend the notion of analytic and Reidemeister torsions to orthogonal 
representations of the fundamental group tci(M) on a A— Hilbert module W of finite type 
where A is a finite von Neumann algebra, and prove the equality of the two torsions when 
(M, W) is of determinant class. We point out that in the case where A is R, we obtain a 
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new proof of the well known result due to, independently, Cheeger [Ch] and Miiller [Mil]. 
From the analytic point of view, the main difficulty comes from the fact that the Laplacians, 
associated to such representations, may have continuous spectrum. In particular, might 
be in the essential spectrum. 

In order to formulate our results more precisely, we introduce the following notations. 
Let M be a closed smooth manifold. A generalized triangulation of M is a pair r = (h, g') 
with the following properties: 

(Tl) h : M — > H. is a smooth Morse function which is self-indexing (h(x) = index(ir) for 
any critical point x of h); 

(T2) g' is a Riemannian metric so that grad g >h satisfies the Morse-Smale condition (for 
any two critical points x and y of h, the stable manifold and the unstable manifold 
W~ , with respect to grad g 'h, intersect transversely); 

(T3) in a neighborhood of any critical point of h one can introduce local coordinates such 
that, with q denoting the index of this critical point, 

h(x) = q-(xj + ... + x 2 q )/2 + (x 2 q+1 + ... + x 2 d )/2 

and the metric g' is Euclidean in these coordinates. 

The unstable manifolds W~ provide a partition of M into open cells where W~ is an 
open cell of dimension equal to the index of x. The name "generalized triangulation" for 
the pair (h, g') is justified as a generalized triangulation can be viewed as a generalization 
of a simplicial triangulation. 1 

Let (M, g) be a closed Riemannian manifold with infinite fundamental group V = tti(M) 
and let r = (h, g') be a generalized triangulation. Note that V is countable. Let p : M — > M 
be the universal covering of M and denote by g and f = (h, g') the lifts of g and r on 
M. The Laplace operator A q acting on compactly supported, smooth q-forms on M is 
essentially selfadjoint. Its closure, also denoted by A q , is therefore selfadjoint; it is defined 
on a dense subspace of the L2-completion of the space of smooth forms with compact 
support with respect to the scalar product induced by the metric g. Observe that A q is 
T— equivariant and nonnegative. We can therefore define the spectral projectors Q q (X) of 
A q corresponding to the interval (—00, A]. They are T-equivariant and admit a T-trace 
which we denote by N q (X). 

Let C q (f) := l 2 (Cr q (h)) where l 2 (Cr q (h)) denotes the Hilbert space of /2-summable, real- 
valued sequences indexed by the countable set Cr q (h) of critical points of h of index q. The 
left action of V on Cr q (h) makes l 2 (Cr q (h)) the underlying Hilbert space of an orthogonal 
T— representation. The intersections of the stable and the unstable manifolds of gra,d g ,h 
induce a bounded, T-equivariant, linear map 

8 q :C q {f)^C q+ \f). 



1 Given a smooth simplicial triangulation T s i m , one can construct a generalized triangulation r = (h, g') 
so that the unstable manifolds Wx corresponding to grad g rh, with x a critical point of h, are the open 
simplexes of T s i m (cf. [Po]). 
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Let 5* be the adjoint of 5 q and introduce 

A^ omb := 8* q ■ 5 q + 5^ ■ 5* q _ v 

Observe that A q ornh is a T-equi variant, bounded, nonnegative, selfadjoint operator on 
C q (f). We can therefore define the spectral projectors Q q oulh (X) of Ag° mb corresponding 
to the interval (—00, A]. These projectors are T-equivariant and thus admit a T-trace, 
which we denote by iV 9 comb (A) (cf section 1). 

We say that 

(1) (M,g) is of a — determinant class if —00 < J* 0+ (log X)dN q (X) for all q. 

(2) (M, r) is of c - determinant class if -00 < (log A)diV g comb (A) for all q. 

Here /J+ denotes the Stieltjes integral on the half open interval (0,1]. The following 
result can be derived from work of Gromov-Shubin [GS] (cf also [Ef]). 

Proposition 1. ([Ef], [GS]) Let M be a closed manifold equipped with a Riemannian 
metric g and a generalized triangulation r. Then: 

(1) (M, g) is of a — determinant class iff (M, r) is of c — determinant class. 

(2) Let (M',r') be another manifold with generalized triangulation t' . If M and M' are 
homotopy equivalent, then (M, r) is of c — determiant class iff(M , ,i J ) is. 

Definition. A compact manifold M is of determinant class if for some generalized trian- 
gulation r (and then for any), (M,r) is of c — determinant class. 

If M is of determinant class the logarithm of the ^-regularized determinant, logdet^Ag, 
is a finite real number for all q and one can introduce the L 2 - analytic torsion T an : 

\ogT an := ^(-l^+VogdetjvA,. 
q 



Similarly, if M is of determinant class, logdet^A™ 11113 is a finite real number for all q 
and one can define the combinatorial torsion: 

logT comb := ij](-l)« +1 glogdet JV AJ ,mb . 
q 

To define the L2-Reidemeister torsion, Ta e , it remains to introduce its metric part. Notice 
that Null(A g ) consists of smooth forms and that integration of smooth q- forms over a 
smooth q-chain induces (cf a theorem by Dodziuk [Do]) an isomorphism 6*" 1 : Null(A g ) — > 

H q (C*(?),5*) = Null(A^ omb ) of A/"(r)-Hilbert modules where Af(T) is the von Neumann 
algebra associated to V. Define 



logVoW(^) := ^logdet^*^) 
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where we used that detAr (6>*6> g ) > as (0*9 q ) is a selfadjoint, positive, bounded, T- 
equivariant operator on the T- Hilbert space Null(Ag° mb ) whose spectrum is bounded 
away from 0. As a consequence (cf section 1) logdet N (9*9 q ) is a well defined real number 
and one may introduce 

logT met := ^(-l^logdet^*^). 
q 

Combining the above definitions we define the L2-Reidemeister torsion TR e 

logT Re = logT comb + log 

The concepts of L 2 -analytic and L2-Reidemeister torsion were considered by Novikov- 
Shubin in 1986 [iVS!] (cf.also later work by Lott [Lo], Liick-Rothenberg [LR], Mathai [Ma] 
and Carey-Mathai [CM]). The main objective of this paper is to prove the following 

Theorem 1. Let M be a closed manifold of determinant class of odd dimension d. Then, 
for any Riemannian metric g and for any generalized triangulation r, both T an and Tr 6 
are positive real numbers and 

We point out that the corresponding result for manifolds of even dimension is trivial as 
both torsions are equal to 1. 

Before explaining the ideas of the proof of Theorem 1 let us make a few remarks: 

1) Lott-Liick have conjectured (cf [LL], conjecture 9.2) that all compact manifolds have 
positive Novikov-Shubin invariants and, therefore, are of determinant class. The conjecture 
has been verified for many compact manifolds and in particular for all compact manifolds 
whose fundamental group is free or free abelian. 

2) By assigning to each compact Riemannan manifold (M, g) with M of determinant class 
the L 2 -(analytic=Reidemeister) torsion if the fundamental group tti(M) is infinite and the 
usual (analytic=Reidemeister) torsion if %i (M) is finite one obtains a numerical invariant 
T(M, (7), which satisfies the product formula 

log T(M! x M 2 , 9l x g 2 ) = x(M 2 )logT(M 1 ,g 1 ) + X (M 1 )\ogT(M 2 ,g 2 ), 

and for any n-sheeted covering (M, g) of (M, g) satisfies 

log T(M, g) = n log T(M, g) . 

Here x(M) denotes the Euler-Poincare characteristic of M. For compact manifolds with 
trivial L 2 Betti numbers, in particular for manifolds of the homotopy type of a mapping 
torus, this invariant is independent of the metric and is in fact a homotopy type invariant. 
This invariant was calculated for a large class of 3-dimensional manifolds ; its logarithm 
is zero for Seifert manifolds (cf [LR] ) and (— 1/3tt)VoI(M, g) for a hyperbolic manifold 
(M, g), (cf[Lo]). The calculation in [LR] was done for the Reidemeister torsion and in [Lo] 
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for the analytic torsion. 

3) Recently W. Luck ([Lu2]) found an algorithm to calculate the L2-Reidemeister torsion of 
a 3-dimensional hyperbolic manifold in terms of a balanced presentation of its fundamental 
group. By Theorem 1 and by Remark 2) above the algorithm also calculates the hyperbolic 
volume. 

Rather than viewing the above theorem as an L^— version, we derive Theorem 1 as 
a particular case of a generalization of the Cheeger-Miiller theorem. This generalization 
concerns the extension of the analytic and Reidemeister torsion associated to a closed 
Riemannian manifold and a finite dimensional orthogonal representation of V to orthogonal 
^—representation of V which are of finite von Neumann dimension where A is a finite von 
Neumann algebra (cf [Si] for a similar approach in connection with an L^— index theorem). 
A representation of this type is called an (A, T op )— Hilbert module of finite type. 

In order to formulate this generalization we must introduce (cf section 2) a calculus 
of elliptic pseudo differential A— operators acting on sections of a bundle of A— Hilbert 
modules of finite type over a compact manifold (typically the spectrum of such an operator 
is no longer discrete) and develop a theory of regularized determinants for (nonnegative) 
elliptic pseudo differential ^4-operators of positive order. Both ingredients are presented in 
section 2. The new difficulties in this theory come from the fact that might be in the 
essential spectrum of an elliptic pseudo differential ^4-operator. 

In order to prove this generalization we need a Mayer- Vietoris type formula and an 
asymptotic expansion for the logarithm of the determinant of elliptic operators with pa- 
rameter; i.e. the extension of the results of [BFK2] to this calculus (cf section 3 and 
[Lee]). 

Let us now describe the generalization of the above Theorem in more detail. Assume 
that A is an elliptic operator in the new calculus. For an angle 9 and e > introduce the 
solid angle 

V e , £ := {z G C : \z\ < e} U {z G C \ : arg(z) G (0 - e, + e)}. 

Definition. (1) 9 is an Agmon angle for A, if there exists e > so that 

spec(A) n V 9) e = 0. 

(2) 9 is a principal angle for A if there exists e > so that 

spec(a A (x^))nV e , e = $ 

for all G S*M where S*M denotes the cosphere bundle and cta(x,Q is the principal 

symbol of A. 

It is well know that (1) implies (2) in the above definition but the converse statement 
is not true. If, in addition, A is of order m > and admits an Agmon angle, 9, one 
can define the regularized determinant, detg^A G C. In the sequel, 9 will always be 
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chosen to be n and we will drop the subscript n in det^jv- If A is of order m > 0, 
nonnegative and if G spec(A) then the ellipticity of A implies that the nullspace, Null(A), 
is an „4-Hilbert module of finite von Neumann dimension, dirn/vNull(A). Consider the 1- 
parameter family, A + A, A being the spectral parameter. For A > 0, introduce the function 
logdet A r(A + A) — dimArNull(A) log A. We can view this function as an element in the vector 
space D consisting of equivalence classes [/] of real analytic functions / : (0, oo) — > R with 
/ ~ g iff limA^o(/(A)— g(X)) = 0. The elements of D represented by the constant functions 
form a subspace of D which can be identified with R, the space of real numbers. 

Given a closed Riemannian manifold (M,g), an arbitrary (A,r op )— Hilbert module of 
finite type, W, and a generalized triangulation r we define (cf section 4) log T an (M, g, W) 
and log T Re (M, g, r, W) as elements of D. As above we consider the analytic resp. com- 
binatorial Laplacians associated to (M, g, W) resp. (M, r, W) and introduce the notion of 
a triple (M, g, W) resp. (M, r, W), of a — determinant, resp. of c — determinant class. 
Proposition 1 can be generalized to say that these two notions are equivalent and homo- 
topy invariant (Proposition 2, section 5). This allows us to introduce the notion of a pair 
(M, W) to be of determinant class. We point out that for A = R any pair (M, W) is of 
determinant class. 

Theorem 2. Let M be a closed manifold of odd dimension d and W an (A, T op )- Hilbert 
module of finite type. If the pair (M, W) is of determinant class then, for any Riemannian 
metric g and any generalized triangulation t of M, log T an (M, g, W) and 
log TR e (M, r, g, W) are both finite, real numbers and 

logT an = logT Re . 

Let us make a few comments concerning Theorem 2. First note that if M is of even di- 
mension, then Theorem 2 is also true. In this case, however, it is an immediate consequence 
of the Poincare duality, which implies that both torsions are equal to 1. 

If A = R, the (R, r op )-Hilbert modules of finite type are precisely the orthogonal V- 
representations and Theorem 2 reduces to the Cheeger-Miiller Theorem ([Ch],[Mu]) and, 
when specialized to this situation, we thus obtain a new proof of their theorem. 

It suffices to prove Theorem 2 for W a free ^4-module. This follows easily from the 
following three facts: 

1) : If A — R then W is R free and the pair (M, W) is of determinant class. 

2) : If W is r op -trivial then (M, W) is of determinant class, logT an (M, g, W) = diniArVV • 
log T an (M, g) and log T Re (M, r, g, W) = dim N W ■ log T Re (M, r,g), where log T an (M, g) and 
log T Re (M, r, g) denote the analytic and Reidemeister torsions of the Riemannian manifold 
(M, g) and the trivial 1-dimensional representation of tt\ (M) . 

3) : Suppose that Wi and W2 are two (A, r op )-Hilbert modules of finite type and W = 
Wi © W 2 . If (M, W) and (M, W 2 ) are of determinant class then (M, W\) is of determinant 
class and the analytic resp. Reidemeister torsion of (M, g, W) is the product of the analytic 
resp. Reidemeister torsion of (M,g,Wi) with the analytic resp. Reidemeister torsion 
(M,g,W 2 ). 
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In the case when A = A/"(T), the von Neumann algebra of bounded operators associated 
to T, acting on W = £2 CO, and W is viewed as a (A/"(T), r op )— Hilbert module of finite 
type, then Theorem 2 reduces to Theorem 1. 

Theorem 2 is derived from Corollary C (section 6.2), a relative version of Theorem 2, 
using product formulas for the analytic torsion and the Reidemeister torsion (section 4) 
and the metric anomaly (Lemma 6.10). To state Corollary C let M and M' be two closed 
manifolds of the same dimension with fundamental groups isomorphic to T, and assume 
that they are equipped with generalized triangulations r = (g, h) and t' = (g', h') such 
that the functions h and b! have the same number of critical points for each index. Then, 
for an arbitrary (A,T op )- Hilbert module of finite type W, with (M, W) and (M',W) of 
determinant class 

logT an - log 71 = logT Re - logT^, e . 

An important ingredient in the proof of Corollary C is the Witten deformation of the de 
Rham complex associated with a generalized triangulation r = (g,h). In section 5 we 
extend the analysis of Helffer-Sjostrand [HS1] of the Witten complex to the analogous 
complex constructed for differential forms on M with coefficients in W. Although the 
results and the estimates in the case where A is an arbitray finite von Neumann algebra 
are similar to those obtained by Helffer-Sjostrand in the case A = M, additional arguments 
are necessary since the spectrum of the Laplacians A q (t) is typically not discrete. 

The Witten deformation permits us to define smooth functions log T an (/i, t), log T sm (/i, t) 

and logTi a (M) with logT an (/i,0) = logT an where logT an (M) = logT sm (M)+logTi a (M) 
is a decomposition of logT an (/i,t) into a part log T sm (/i, t) which corresponds to the small 
spectrum of the Laplacians A g (t) and a complimentary part log Ti a (/i, t). The results pre- 
sented in sections 2 and 3 lead to the conclusion that these three functions have asymptotic 
expansion when t — > oo.The free term of such an expansion refers to the O'th order coeffi- 
cient of the expansion as t — > oo. 

The results presented in sections 3 and 5 permit us to show that the free term of 

log^M) -logT sm (M) - logTan^', t) - logT am (h' ,t) 

is equal to 

logT an - logT Re - logTl - logT^, e . 

Using the Mayer Vietoris type formula (cf section 3) we show that the free term of 
logTi a (/i,£) — logTi a (/i', t) is equal to zero and we can therefore conclude Corollary C. 

The paper is organized as follows: 

In section 1 we recall, for the convenience of the reader, the concepts of a finite von 
Neumann algebra A, an A— Hilbert module of finite type, a finite (von Neumann) dimen- 
sional representation of a group, determinants in the von Neumann sense and the torsion 
of a finite complex of A— Hilbert modules of finite type. This section is entirely expository. 

In section 2 and 3 we describe the theory of pseudo differential operators acting on 
sections of a given bundle S — > M of A— Hilbert modules of finite type. In particular, 
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we extend Seeley's result on zeta-functions for elliptic pseudo differential operators and the 
corresponding regularized determinants, as well as the results of [BFK2], to the extent 
needed in this paper, for this new class of operators. The calculus of such operators is not 
new, but we failed to find a reference suited for our needs (cf e.g. [FM],[Le] and [Lu] for 
related work). 

In section 4 we define the analytic torsion and Reidemeister torsion and we prove a 
product formula for each of them. These product formulas are slight generalizations of 
the product formulas presented in [L] and [CM], but for the convenience of the reader we 
include the proofs. 

In section 5, we discuss the Witten deformation of the deRham complex of M with 
coefficients in a representation of finite von Neumann dimension. Moreover using the 
Witten deformation we prove Proposition 2. 

In section 6 we present the proof of Theorem 2. 

One can generalize the analytic and Reidemeister torsions associated to (M, g, W) to 
include additional data, for example a finite dimensional hermitian vector bundle on M 
equipped with a flat connection . By the same methods as presented in this paper one can 
prove a result which compares these two generalized torsions. In the case A = K. such type 
of result was first established in ([BZ]), compare also ([BFK1]. 

Using the same arguments as in ([Liil]), one can extend Theorem 2 to compact manifolds 
with boundary. Both extensions are useful for the calculations of the L 2 torsions; together 
with some applications they will be presented in a forthcoming paper. 

The authors wish to thank W. Luck for bringing the conjecture about the equality of 
analytic and Reidemeister torsion to their attention, J. Lott, W. Luck and M.Shubin for 
informations on related work and D.Gong and M.Shubin for comments on a preliminary 
version of this paper. 
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1. Linear algebra in the von Neumann sense 



In this section we collect for the convenience of the reader a number of results concerning 
linear algebra in the von Neumann sense (cf e.g. [CM] , [Co] , [Di] , [GS] , [LR] for reference). 

1.1 A— Hilbert modules. 

Definition 1.1. A finite von Neumann algebra A is a unital R-algebra with a ^-operation 
and a trace tr^r : A — > K. which satisfies the following properties: 

(Tl) (., .) : Ax A — > M,, defined by (a, b) = tr7v(a&*), is a scalar product and the completion 
A2 of A with respect to this scalar product is a separable Hilbert space. 
(T2) A is separable and weakly closed, when viewed as a subalgebra of C(A 2 ) '■= £(.4.2, A2), 
the space of linear, bounded operators on A 2 , where elements of A are identified with the 
corresponding left translations in C(A-i) (a sequence {a n } n >i in A converges weakly to 
a e A 2 if Umn^oo (a n x, y) = (ax, y) for all x,y G A 2 ). 

(T3) The trace is normal, i.e for any monotone increasing net, (a^jg/, such that ai > 
and a = sup i6J exists in A, one has tr^a = sup i6/ tr/ya^. Here > means that 
ai = a* and (a^x, x) > for all x G A. 

In the sequel, A will always denote a finite von Neumann algebra. Introduce the op- 
posite algebra A op of A, where A op has the same underlying vector space, |.4 op | = |.4|, 
♦-operation, trace and unit element as A, but the multiplication " - op " of the elements 
a, b G |.4 op | is defined by a - op b = b ■ a. Note that A op is a finite von Neumann algebra 
as well. The right translation by elements of A induces an embedding r : A op — > C(A 2 ) 
which identifies A op with the subalgebra C_a.(A 2 ) C C(A 2 ) of bounded A -linear maps 
(with respect to the A- module structure of A 2 induced by left multiplication). Therefore 
we can introduce a trace on Ca(A 2 ), also denoted by tr^v, defined for / G C_a(A 2 ) by 

tv N (f) -^(r-H/)). 

Definition 1.2. (1) W is an A— Hilbert module if 

(HM1) W is a Hilbert space with inner product denoted by (., .). 

(HM2) W is a left A-module so that (a*v,w) = (v,aw) (a G A;v,w G W). 

(HM3) W is isometric to a closed submodule of A 2 ®V where V is a separable Hilbert 

space and the tensor product A 2 ®V is taken in the category of Hilbert spaces. 

(2) W is an A— Hilbert module of finite type ifW is an A— Hilbert module and 

(HM4) W is isometric to a closed submodule A 2 ®V where V is a finite dimensional vector 
space. 

(3) A morphism f : W± — > W 2 between A-Hilbert modules of finite type, Wi and W 2 , is a 
bounded, A— linear operator; f is an isomorphism if it is bijective and both f and f~ x are 
morphisms. 

Let W be an ^4-Hilbert module and v an element in W. The map i v : A 2 — > W, defined 
by i v (a) = av, extends to an ^4-linear bounded map A 2 — > W. 
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Definition 1.3. A collection {ei, ...,e/},Z < oo, of elements ofW is called a base ofW if 
(1.1) i :©i<^<z (A 2 ) v -> W 

is an isomorphism where each (A2) v is a copy of Ai andi = Yli< u <i^ v - The base is called 
orthonormal if, in addition, i is an isometry. A Hilbert module is~free if it has a base. 

If I = oo the direct sum in (1.1) is a Hilbert direct sum in the category of Hilbert spaces. 
Note that {ei, e{\ is an orthonormal basis iff the closed invariant subspace spanned by 
ei, ei is W, and for any i,j and a,b E A, (asi, bej) = (a, b)Sij. Further if {ei, e{\ is a 
base then //} with f v = (0, 0, 1, 0, 0) is an orthonormal base of W. 

Proposition 1.4. 

(%) t4w/ A-Hilbert module W can 6e decomposed as W = ©kkiW^ u>ii/i / < oo and W^, 
a closed invariant subspace of Ai- Further W is of finite type iff I < oo. 
(2) IfW is a closed invariant subspace ofW then W ~ ©i<i/<zW£, where W' u is a closed 
invariant subspace ofW„. 

Proof: Note that (1) follows from (2). To prove (2), denote by ir„ the projection of W 
on Y\! v and consider the filtration of W' , 

W(0) := W' D W(l) D W(2) D .... 

where W(z/) is defined inductively W(u) = Nu\\(tt u ) nW(u-l). It follows that W ~ 

©i<Ki>V(f)/W(i/ + l)c>V v .O 

Let W be an A— Hilbert module of finite type. The algebra 
Aa(W) := £a(W, W) of bounded „4-linear operators on W is a finite von Neumann 
algebra, whose trace is defined in the following way. First assume that the module W 
is free. Choose a basis {ei,...,e/}. With respect to this basis an operator A e £a(W) 
has a matrix representation (ffly)i<j,j</, i, j = 1, ...,/, with entries aij in £^4(^.2) = A op . 
Define tr N (A) = J2i=i a a- One shows that tr;v(^4) is independent of the chosen basis and 
therefore well defined. In the general case W is a closed invariant subspace of a free A- 
Hilbert module V of finite type . We write V = WeW^ and consider A = A®0 e £a(V, V). 
Define tr^(A) = trjv(-A). One shows that tr/v(A) is independent of the choice of V. 

For an „4-Hilbert module W of finite type one defines the dimension dimjv(W) in the 
von Neumann sense by dimjvW := trjvldyy. If W is not of finite type one sets dini/vW := 
supjdimArW"; W" closed sub module of finite type}. The von Neumann dimension is always 
a nonnegative real number or +00. 

Remark 1.5 If W± and W2 are .A— Hilbert modules, such that Wi is a closed invariant 
subspace of W2 and dimjv(Wi) = dimjv(W2) < 00, then Wi = W2 . The von Neumann 
dimension of a Hilbert direct sum is the sum (possibly infinite) of the von Neumann 
dimension of the summands. 

The following proposition is well known. 
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Proposition 1.6. Assume that Wi and W2 are A— Hilbert modules of finite type. 

(1) Iff G C A (Wi,W 2 ) and g G C A (W 2 ,W 1 ) then tv N (fg) n = tv N (gf) n for any n > 1. 

(2) If f : Wi — > W2 is an isomorphism and oti G £^(Wi), z = 1, 2 so that / • ct\ = 0*2 • f 
then tr/vcti = tr^ct^. 

If A' and A" are two finite von Neumann algebras the tensor product A' ®A" is defined 
as the weak closure of the image of the algebraic tensor product of A' and A" in C^A^A^)- 
The algebra A' <S> A" is again a finite von Neumann algebra whose trace has the property 
that trjv(a' <g> a") = tr^a'tr^a". If W and W are A'- resp. A"- Hilbert modules of 
finite type then W' ® W" is an A' <S> A" Hilbert module of finite type; moreover, given 
/' G C A ,{W) and /" G t rjv (/' ® /") = tr^/'tr^/". 

Definition 1.7. ^4 morphism f : W\ — > W2 is a u>ea& isomorphism iff Null(/) = and 
Range(/) = W 2 . 

Using polar decomposition a weak isomorphism / : Wi — > W2 can be factored as / = o/' 
where /' : W\ — > Wi is a weak isomorphism and (7 : W\ — > W2 is an isometric isomorphism 
given by /' = (/*/) 1/2 , = / • (/V)" 1/2 - 

1.2 Determinant in the von Neumann sense. 

Throughout this subsection we consider only ^.-Hilbert modules of finite type. 

Definition 1.8. 

(1) tv is an Agmon angle for f G C A (W) iff there exists e > so that spec(/) H V^- i£ = 
with defined as in the introduction. 

(2) tv is a weak Agmon angle for f G C A (W) iff spec(/) fl V^o = 

We will first treat the case where tv is an Agmon angle. In particular this implies that 
/ is an isomorphism. Define the complex powers of /, f s G C A (W), s G C, by the formula 

(1.2) r = ±Jw -/)-'«, 

where A s is a branch of the complex power s defined on = C \ {z = pe l7T ; p G [0, 00)} 
and 7 is a closed contour in which surrounds the compact set specf in with 
counterclockwise orientation. By Cauchy's theorem the contour 7 in (1.2) can be re- 
placed by the contour 7^ = 71 U 72 U 73 where 71 := {z = pe l7T ;oo < p < e/2}, 
72 := {z = |e ia ;7r > a > —tv} and 73 := {z = pe l(_71 "); § < p < 00}. Notice that f s 
is an entire function in s G C with values in C A (W) and tr7v(/ s ) is an entire function on 
C. Therefore, if tv is an Agmon angle for /, we can define the determinant det^v / in the 
von Neumann sense by 

(1.3) logdeW=^| a=0 tr JV (/ fl ). 
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We remark that this notion of determinant is equivalent to the definition introduced by 
Fuglede and Kadison [FK]. 

If / G Aa(Wi, W2) is an isomorphism then /*/ is a selfadjoint positive isomorphism 
and one shows that det iv(/*/) > 0. Define 

VoW := (det Ar (/*/)) 1/2 - 

Proposition 1.9. (1) Suppose f t G £^(W), with t in an interval I C R, is a family of 
class C 1 of morphisms and tv is an Agmon angle for all of them. Then \ogdet N (f t ) is of 
class C 1 and 

(1-4) |logdet Ar (/,)=tr^((|/ t )/ r 1 ). 

(2) Suppose fi G £^(Wi),i = 1,2 with Wi and W2 A- Hilbert modules of finite type and 
a : Wi — > W2 ^ an isomorphism so that afi = f2cx. Then the following statements hold: 

(a) spec j 1 = spec f 2 and therefore tv is an Agmon angle for fi iff it is an Agmon angle for 
f2- In this case logdet^/i = logdet^/2- 

(b) fi is an isomorphism iff f2 is an isomorphism. In this case Vof/v/i = Voljv/2- 

(3) Suppose f G C A (yVi © W 2 ) is of the form 

Then the following statements hold: 

(a) specf = spec f 1 U spec f 2 and therefore w is an Agmon angle for f iff it is an Agmon 
angle for both fi and f2- In this case 

(1.5 A) logdet^/ = logdet^/i + logdet^- 

(b) f is an isomorphism iff fi and f2 are both isomorphisms. In this case 
(1.5B) log Vol at/ = logVoW/i + log V0W/2. 

(4) Suppose Wi, W2 and Ws are A-Hilbert modules of finite type. If fi G ^(Wi,W2) 
and f2 G £^(W2, W3) are isomorphisms then f2- f\ G £^(Wi, W3) is an isomorphism and 

(1.6) log VoW(/ 2 ' /1) = log V0W/1 + log V0W/2. 

f5j /f ojj G £^(Wi),z = 1,2 are isometries and f : Wi — > W2 is an isomorphism then 
ct2fct\ G £a(>Vi, W2) is an isomorphism and 



logVoljv(a 2 /ai) = logVoljv/. 
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Proof All the statements can be proved in an elementary way. For the convenience of 
the reader we indicate how to prove formula (1.6). We have to prove that 

logdet N fl / 2 * f 2 fi - logdet N # f x = logdet N / 2 * f 2 . 

Consider the 1-parameter family C(t) of positive, selfadjoint operators, 
C(t) := ftif^hYfi, defined on W\. Using formula (1.4) one verifies that 

j\ogdet N r i {r 2 f 2 ) t h = |logdet 7V (/ 2 V 2 *) t . 
This leads to the claimed formula, 

logdet^/^ /2/2/1 - logdet^/iVi = 

1 ^logdet JV (/ 1 *(/ 2 */ 2 )'/i)dt = 
1 d 

-logdet Ar (/ 2 7 2 ) t ^ = logdet JV (/ 2 7 2 ). 

First let us treat the case where it is a weak Agmon angle for / G £a(W). In this case 
7T is an Agmon angle for / + A with any A > 0. One verifies that logdet^ (/ + A) is a real 
analytic function in A G (0, 00). We define logdet^/ as the element in D (cf.Introduction), 
represented by the real analytic function 

(1.8) logdet Ar (/ + A) - logAdi mjv Null(/). 

We note that parts (2) and (3) of Proposition 1.9 extend to this well. 

Let / G jC^(Wi, W2) be a weak isomorphism. For A > denote by Vf(X) the set 
of all ^4-invariant closed subspaces C C Wi such that, for x G £, ||/(x)|| < \/A||x||. 
Following Gromov-Shubin ([GS]) introduce the function Ff : [0, 00) — > [0, 00) defined by 
Ff(X) := sup{dimjv£;£ G P/(A)}. Observe that the function Ff(X) is nondecreasing, left 
continuous, Ff(0) = and Ff(X) = dimTv(W) for A > ||/||. Note that / is an isomorphism 
iff there exists Ao > s.t. Ff(X) = for A < Ao- The Novikov-Shubin invariant a(f) 
associated to a weak isomorphism / G £a(VVi, W 2 ) is defined by 

(1.10) «(/):= liminf e [0,oo]. 

v ' K ' a^o log A L J 

Note that a(f) = 00 if / is an isomorphism. 

If / G £a(Wi, W2) is an arbitrary morphism let 



(1.11) / : W[ = Wi/Null(/) ^ Range/ = W 2 . 
Note that / is a weak isomorphism and define a(f) by 

(1.12) a(f):=a(f). 
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Proposition 1.10. (1) For any weak isomorphism f E C A (Wi, W2) 

F f (X) = F {f * f)1/2 (X) = F f *(X). 



/ = 



(2) If f : Wi © W 2 — > Wi © W 2 is a weai isomorphism of the form 

fi 

then /1 and / 2 are both weah isomorphisms and 

sup{F /l (A),F /2 (A)} < F/(A) < F A (A) + F /a (A). 



(3) If f E £^(W) is nonnegative and selfadjoint, define the spectral projectors Qf(X) G 
£a(W) corresponding to the interval [0, A] and Nf(X) := trjvQ/(A). For A > 0, and / 
given by (1.11) 

(1.13) iV/(A) = dim Ar (Null(/)) + F 7 (A). 

The function iV(A) is called the spectral function of /. Note that Fj(A) is nondecreasing 
and -Pj(O) = 0. Fj(X) can be used to represent logdetA? / as a Stieltjes integral 
io+M^ + X)dFj(n). 

Denote by F the set of functions F : [0, 00) — > [0, 00) satisfying 

(1) F(0) = 0; 

(2) F(A) is nondecreasing; 

(3) F is continuous to the left, 

and recall the following definitions of Gromov-Shubin (cf [GS]) 

Definition 1.11. (1) Functions F,G 6 F are said to be dilational equivalent, denoted 
F ~ G, iff there exists C > such that for X > 

(1.14) GiC^X) < F(A) < G(CX) 

(2) Functions F, G E F are said to 6e dilational equivalent near zero, denoted F ^ G iff 
there exist C > and Ao > such that (1.14) holds for X < Xq. 

We end this subsection with the following observation. Suppose that ip : A' — > 
is a homomorphism of finite von Neumann algebras which preserves the units and the 
traces. Then ip is injective. In particular, if A" is an A' -Hilbert module of finite type, 
then any ^."-Hilbert module of finite type W is an ^4'-Hilbert module of finite type and 

£4»(W)C£4,(W). 

Remark 1.12 Assume that dimAr^'^4." = r EM.. 

(1) dim N}A >(W) = rdim N}A „(W). 

(2) If / E £ A „(W) then tr^(/) = rtr N ^,{f). 

(3) If 7T is a weak Agmon angle for / then 

\ogdet NA ,{f) = rlogdet NjA „(f). 
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1.3 Cochain complexes of finite type and torsion in the von Neumann sense. 

Definition 1.13. A cochain complex in the category of A—Hilbert modules of finite type, 
C = (Ci,di), consists of a collection of Hilbert modules of finite type Ci, all but finitely 
many zero, and a collection of morphisms di : Ci — > C^+i which satisfies didi-i = 0. In the 
sequel we always assume that Ci = for i < and refer to such a complex as a cochain 
complex of finite type over A, or simply as a cochain complex of finite type. 

The reduced cohomology of C, H % (C), is defined by 

H\C) = Null(rf i )/Range(rf l _i). 
Define the Betti numbers and Euler-Poincare characteristic of C by 

(1-15) := dWff*(C); X (C) := £(-l)*A(C), 

i 

and introduce a weighted version of the Euler-Poincare characteristic, 
(1.16) V(C) := E(-l)'WC). 

i 

Denote by d* : C i+ i — > Cj the adjoint of d{, and consider A; = d*di + c? i _i<i|_ 1 . The 
operator Aj is a selfadjoint and nonnegative morphism. 

Definition 1.14. (1) Given two cochain complexes of finite type over A, C and C" , a 
morphism f : C — > C" is given by a collection of morphisms fi'.C^—^ C" which commute 
with the differentials dj. 

(2) A homotopy t between f and g is given by a collection of morphims U : C[ — > C' i '_ 1 
satisfying 

(1-17) f i -g i = d1_ 1 ti + U+id' i . 

(3) Two cochain complexes C and C" are homotopy equivalent if there exist morphisms 
(in the category of complexes) f : C — > C" and g : C" — > C so t/iat g ■ f resp. f • g is 
homotopic to idc resp. idc». 

Given a morphism f : C — > C" denote by H{i) 1 the induced morphisms of ^1-Hilbert 

modules H(fy : ~H' \C) -> 1I\C"). Note that if /< : C -> C", i = 1, 2 are two homotopic 
morphisms then H(i\) 1 = H^Y for all i. Given a finite type cochain complex C = (Ci, di) 
each Ci can be decomposed as a direct sum of mutually orthogonal subspaces Ci = Hi © 
C? © C," with 



(1.18) 



Hi = NullA,; C+ = di_i(Ci_i), C- = d? +1 (C i+ i). 
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This decomposition is called the Hodge decomposition . The map di can then be described 
by a 3 x 3 matrix of the form 

/0 

(1.19) di = [0 d t 

\0 

where d { : C~ — > C^_ x is a weak isomorphism and the combinatorial Laplacian Aj = 
di-\d*_ x + d*di then takes the form of the diagonal matrix diag(0, di-id*_±, d*di). 

Let f : C 1 — > C 2 be a morphism. With respect to the Hodge decompositions of C\ and 
C 2 , the morphism : Cj — > C 2 can be written as a 3 x 3- matrix of the form 

/i,n /j 5 i3 

(1-20) fi = I /i,21 /i,22 /i,23 



/, 



i,33 



where / M1 e /,, 22 G ^(Cj' + ,C?' + ) / i)33 e C A (Cl'-,Ci'~) and 

• /i,33 = /i+1,22 • • 

Definition 1.15. ^4 cochain complex C is called perfect if, for any i, d t is an isomorphism. 

Lemma 1.16. (1) Given a cochain complex C = (Ci, di) one can find a modification di of 
di so that C = (Ci, di) is perfect and has the same Hodge decomposition as C. 
(2) Given an isomorphism f : C 1 — > C 2 of cochain complexes C k = (Cf,di),k = 1,2 one 
can find modifications d\ of d\ so that 

(1-21) fi+id] = d 2 Ji 

and the cochain complexes C k = (C k ,d k ), with k = 1,2, are perfect and have the same 
Hodge decompositions as C k . 

Proof Statement (1) follows by choosing di of the form 

di = 




where d t is the isometry in the polar decomposition of ^ given by d t = dj(d*dj 2 . 

(2) With respect to the Hodge decomposition of C\ and Cf define d\ as in (1) and choose 



d\ to be of the form 




with d 2 := /i+i,22 • d} ■ 433. 

In section 6.1 we will need the following 
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Proposition 1.17. Suppose C(t) = (Ci(t) , di(t)) is a family of cochain complexes of finite 
type depending on a parameter t > 0, and f(t) : C(t) — > C is an isomorphism of cochain 
complexes for any t. Introduce logV(t) := ^^ =0 (— l) 9 log VolArif(f (t)) 9 . Assume thatCi(t) 
andCi are free modules, that e^i^t), e^it) is an orthonormal base for Ci(t) , ej 5 i, 
is an orthonormal base for Ci and that fi(t), when expressed with respect to these bases, is 
an U x li-matrix with entries in A op of the form Id + 0(l/t). 

Then \ogV(t) = 0(1/*). 

Proof In view of Lemma 1.16 it suffices to prove the result for the case where C(t) and 
C are all perfect. In view of (1.20) 

(1.22) log Vol N H(i(t)Y = logVoWCfcuC*)) = log VoW(7r l / l (t)/ l (t)) 

where Ii(t) denotes the inclusion of TLi(t) in Ci and 7T; the orthogonal projection of Ci onto 
Hi. Denote by Pi(t) the orthogonal projections of Ci(t) onto Hi(t). We obtain 

\0gV0\ N (7nfi(t)Ii(t)) = ^\0gdet N (Pi(t)f*(t)TTifi(t)Ii(t)) = 

(1-23) ilogdet^CP^O/^O/i^J^O-Pi^/^OCJd-TrO/iCOJiCO). 

In view of the assumptions on fi(t), one has Pi(t)f*(t)fi(t)Ii(t) = Id + 0(l/t). Next we 
will show that 

(1.24) Pi(t)f*(t)(Id-Tn)fi(t)Ii(t) = 0(l/t). 

For this purpose note that the assumption concerning the asymptotics of fi(t) combined 
with the hypothesis that all complexes are perfect imply the existence of e > and to > 
such that for t > t , specAi(t) \ {0} and specAi \ {0} are contained in [2e, oo). Therefore 

P&) = (z - Aiity^dz, and ^ = / (z-A,)" 1 ^, 

where S e is the circle in the complex plane of radius e, centered at the origin. Using the 
assumptions on fi(t), one concludes that Aj • fi(t) = fiit) • Aj(t) + 0(1 ft), and in view of 

(1.23) one obtains 

(1.25) (Id - ni)fi(t) = fi(t)(Id - Pi(t)) + 0(l/t). 

As (Id- Pi(t))Ii(t) = 0, estimate (1.25) implies (1.24); formulas (1.23) and (1.24) lead to 

(1.26) logVoW(i7(f(t)r = hogdet N (Id+0(l/t)) = 0(1/ 1). 

Given a cochain complex C of finite type, introduce, following Gromov-Shubin ([GS 1 ], cf. 
also end of section 1.2), the functions Fc,i(X) £ F defined by Fc,i(X) := F^(X) and the 
numbers defined by cti := ct(d/). The following result is due to Gromov-Shubin ([GS]) 
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Proposition 1.18. Suppose f : C — > C" and g : C" — > C are two morphisms of cochain 
complexes so that idc is homotopic to gf fry a homotopy t = {£j}. TTien Fc < 
^C",i(4||/i+i|| 2 ||^|| 2 A) for A < jp^jpr- 

In particular if f : C — > C" is an isomorphism then Fc ,i(\)~Fc" and if C and C" 
are homotopy equivalent, then Fc^{X) ~ Fc^A), and therefore = a". 

The torsion logT(C) is the element in D defined by 

log T(C) = ^(-l^flogdet* A,. 

i 

Remark 1.19 The spectral functions iVj(A) := AT A .(A) satisfies 

(1.28) JVi(A) = A + Fi_i(A) + Fi{\) 

and therefore log T(C) can be represented by the real analytic function in A 

(1.29) oE(- 1 ) 1 / logO* + A)dF 4 0*). 



Definition 1.20. The cochain complex of finite type C is of determinant class iff 
Jo+ l°g(A)diVj(A) > — oo /or a// i. 

We point out that if C is of determinant class, then log T(C) is in R C D, and a sufficient 
condition for C to be of determinant class is that a\~ > for < k < d. 

It will be convenient for the proof of the product formula below to introduce for A > 
and s eC with 3fo> > 0, 



1 1 f°° 

(i.3o) &(a, S ) = - E(- 1 )^f^y y * s ~ le( ~ tA W 



-tA, 



This function is real analytic in A, complex analytic in s for > and admits an analytic 
continuation to the entire s-plane so that s = is a regular point. Using that 

(1.31) Cc(A, s) = \ ^(-l) i itrjv((A i + A)" s ). 

one sees that log T(C) is also represented by the real analytic function in A given by 

(1.32) l| s=oCc(A , s ) -</,(£) log A 
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where ip(C) denotes the weighted Euler-Poincare characteristic. This perturbation of the 
^-function was also studied in [Go]. 

Suppose that Ai (i = 1, 2) are finite von Neuman algebras. Note that A = A± <E> 
A2 (tensor product in the category of finite von Neumann algebras) is also a finite von 
Neumann algebra. If Wi are Ai- Hilbert modules of finite type then the tensor product 
Wi <S> W2 (tensor product in the category of Hilbert spaces) is an „4-Hilbert module of 
finite type and 

dimjv(>Vi <g> W 2 ) = dimArWi • dim A rW 2 . 

Let C resp. C" , be two cochain complexes of finite type over Ai, resp. Ai- Denote by 
C = C <S> C" the tensor product of these cochain complexes, 

c t = C ' P ® C ", di = d' p ®id+{-i) p id®d';. 

p-\-r=i p+r=i 

Then C is a cochain complex of finite type over A. 

Proposition 1.21. (cf [CM], fLRj) Let C, resp. C" be two finite type cochain complexes 
over Ai resp. A 2 . Then, with C = C ® C" , 

(1) 

H\C) = H P (C')(g)H r (C") 

p-\-r=i 

(2) 

Cc(A, s) = Cc(A, s) X (C") + Cc»(A, s) X (C) 

(3) 

^C) = ^C')x{C")+^C")x{C). 

Proof: The proof of (1) can be found e.g. in [LR,Theorem 3.16] and (3) follows from 
(1). To prove (2) (cf [CM]) let C be a cochain complex of finite type over ^4i,and M be a 
A2— Hilbert module of finite type. We will show below that 

(1-33) 5>l)«tr„(e-**.) = x(C). 

Therefore if (3 : Af — > Af is a morphism, then 

(1-34) ^(-l^tr^e-^ ® 0) = tr N ([3) X (C). 



To prove (1.33) we use the matrix representation of A q with respect to the Hodge 
decomposition, diag(0, d q _ 1 d*_ 1 , d*d q ) and Proposition 1.7 (1); they give 

trjve - ^- 1 !.- =tr iV e"* A9 L+ 
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and consequently 

trjve-* A « = tr N (e~ tAqlc t ) + tr N (e~ tAqlc «+i) + dim N Null(A q ) 

which leads to (1.33). Next, decompose A q = p+r=g A p>r , where A P)7 . = A' p ®id+id®A" 
to obtain 

2Cc(A, s) = V(-l)^ +r) (;p + r) — - / f-V^tr^e-*^ <g> e- tA ")cft 

p,r 1 ^ ^ 

1 /"°° 

= ttt~t / t s - 1 e- tA tr^({0(-l)V-^} ® {0(-l) r e" tA "})^ 
1 /"°° 

+ ^ I t s - 1 e- tA tr Ar ({0(-l)^e-^}®{0(-l)Ve- tA "})rft 
which, in view of (1.34), is equal to 



jT fV** (x(0 ^(-l)Vrive-^ + X (C) ^(-lJVtw"**^ 



= 2Cr(A, S )-x(C // )+2Cc»(A, S )-x(C / ). 

Corollary 1.22. fc/ [CM]) With the same assumptions as in Proposition 1.21, the fol- 
lowing identity, viewed in the vector space D, holds: 

logT(C) = X (C") logT(C') + X (C) logT(C"). 



1.4 (^l,r o P)-Hilbert module. 

Definition 1.23. W is an (A,T op )—Hilbert module of finite type if 
(BM1) W is an A—Hilbert module of finite type; 

(BM2) W is a T op —Hilbert module, defined by a unitary representation ofY; 
(BM3) the action of A and Y op commute. 

Example Let X be a countable set. Denote by l 2 (X) the Hilbert space obtained by 
completion of ~R(X) = {/ : X — * M; supp(f) is finite} with respect to the scalar product 

(/i,/ 2 ) := Y,f(x)g(x). 

xex 

Let T be a countable group and M(r) denote the unital R -algebra with multiplication 
defined by convolution and *-operation induced by the map , g — > (7 _1 .The algebra R(r) 
has a finite trace given by tr(f) := /(e) where e denotes the unit element in T, and acts 
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from the left by convolutions on £2 CO- This algebra can be viewed as a *-subalgebra of 
£r(fe(r), Z 2 (r)). Denote by W(T) its weak closure in £ r {l 2 {Y)J 2 {Y)). Then W(T) is a finite 
von Neumann algebra. 

Let pTxI^Ibea left action of Y on the set X with finite isotropy groups, p 
induces a left action of V by isometries which makes h{X) an A/"(r)-Hilbert module ; if the 
quotient set F\X is finite, then this module is a Hilbert module of finite type. Suppose, 
in addition, that V is another countable group and p' : X x r" — > X is a rig/rf action of 
r' on X so that p and p' commute. V induces an action by isometries on h{X) which 
makes h{X) an {J\f{Y), r /op )-Hilbert module of finite type. As an example, consider the 
case X = |r|, the underlying set of T, Y = Y' and p and p' given by p(gi, #2) = 9i92, and 
p' {92,91) = 9i9\ • Then / 2 (T) is an (jV(r), r op )-Hilbert module of finite type, refered to 
as the regular birepresentation. 

1.5 Bundles of „4-Hilbert modules 

Definition 1.24. A smooth bundle p : £ — > M over a smooth manifold M is a bundle of 
A— Hilbert modules of finite type with fiber W if 

(Bl) p : £ — > M is a smooth bundle of infinite dimensional topological vector spaces, 
equipped with a Hermitian structure p which makes each fiber p~ x {x),x G M, into a sepa- 
rable Hilbert space; 

(B2) £ is equipped with a smooth fiberwise action p : A x £ — > M which makes each fiber 
p~ x {x) an A— Hilbert module of finite type. 

(B3) W is an A-Hilbert module of finite type and p : £ — > M is locally isomorphic to 
p : W x M — > M where the local isomorphism intertwines p,p , the Hermitian structures 
and the A— actions. 

Example Let M be a closed smooth manifold with fundamental group Y := tt\{M) 
and let W be an {A, r op )-Hilbert module of finite type. Let p : W x M ^ M be the trivial 
smooth bundle of A— Hilbert modules; p is T-equivariant with respect to the diagonal action 
of T on W x r M and the left action of T on M. Therefore p induces p : £ = W x r M — > M 
which is a smooth bundle of A— Hilbert modules of finite type. This bundle is the canonical 
bundle over M, associated to W. 
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2. Calculus of pseudodifferential operators 
acting on .a-hllbert bundles of finite type 



In this section we construct a calculus of pseudodifferential operators, called pseudodif- 
ferential ^.-operators, on a compact manifold, where A is a finite von Neumann algebra 
(cf e.g. [FM],[Le] ,[Lu] for related work). 

2.1 Sobolev spaces, symbols and kernels. 

Let B be a Banach space. For u G iS(M d , 5), the space of functions u : R d — > B of 
Schwartz class, ||it|| s denotes the Sobolev s-norm given by 

i«:= / (i + \a\ 2 y\wo\\ 2 dt; 

where u(£) denotes the Fourier transform of u. 

Definition 2.1. (l)The Sobolev space H s (R d ,B) is the completion of S(R d : B) with 
respect to the Sobolev s-norm; equivalently, it can be defined as the space of all distributions 
u G S'(R d ,B) with 

(l + \C\ 2 ) s/2 ueL 2 (R d ;B). 

(2) The space H l s oc (R,B) is the space of all distributions u G V'(R d ,B) such that <pu G 
H s (R d , B) for any G C^(R d ). 

Note that the Sobolev spaces H s (R d : B) have the same properties as the usual Sobolev 
spaces except that Rellich's compacity theorem does not hold. 

Let W be an A— Hilbert module. The space H s (R d , W) is an ^4-Hilbert module whose 
dual can be identified with H_ s (R d , W). Note also that i^ oc (lR,>V) is an Amodule. Ex- 
tending the classical case A — R, symbols are defined as follows: 

Definition 2.2. (1) A function a G C°°(R d xR d , C A (W, W)) is a symbol of order m G R, 
denoted by a G = S^(R d x R d ), if the following conditions hold: 
(Syl) a(x,£) has compact support in x; 

(Sy2) for any multiindices , a and (3, there exists a constant, C a p, such that 

(2.i) n^afa(x,oii<c a/9 (i + ieir-^. 



(2) (cf [Shi]) A symbol a G is classical if it admits an expansion of the form 
J2j >Q ip(0 a m-j(x,^) where ip G C°°(IR d ) satisfies 



for\i\<\ 

1 for HI > 1 
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(Sy3) a m -j G C°°(IR d x (R d \ {0}), £ A (W, W)) fcas compact x-support and is positively 
homogeneous of degree m — j; 

(Sy4) a(x, - lKO<»m-ifo e for all N>0. 

Subsequently, we always assume that all symbols are classical. 
Given a G S$, define a linear operator A : C^(R d , W) — ► Cg°(R d , W) by 

(2.2) Au{x) = -±- d f dif dxe^-y^a(x,Ou(y). 

K^r JR d JR d 

The principal symbol of A, a A (x, £) = a m (x, £), is invariantly defined as a smooth function 
on T*R d \ {0} with values in C A (W, W). 

The operator A is said to be a pseudo differential ^4-operator of order m, denoted A G 
*DOg (M), and can be extended to a bounded, linear operator (any sGl) 

A : H s (R d , W) — > if s _ m (M d , W). 
The Schwartz kernel of A, y), is given formally as an oscillatory integral 

(2.3) K A (x,y)= [ e^-y^a(x,0dC. 

To characterize the properties of this distributional kernel we introduce, following [Ho, 
p.100], 

Definition 2.3. A distribution K G S'(R d x R d , C A (W, W)) with values in 
C A (W,W), is conormal of order m along the diagonal Diag(R d ) = {(x,x);x G R d }, 
denoted K G I m (R d x R d , Diag(M d ), C A (W)), if for all C°° -vectorfields V u . . . , V N (N > 1 
arbitrary) which are tangential to Diag(R d ) and <j> G Co°(lR d x R d ) 

V 1 ■ ■ ■ V N 4>K G H_ m _ M (R d x R d ,£^(W,W)). 



Following [Ho] , one verifies the following 

Lemma 2.4. Let a G Syy and Ze£ be the corresponding distributional kernel as defined 
above. Then K A G I m (R d x R d , Diag(M d ), C A (W)). 

We note that if m < —d, the kernel K A (x, y) is continuous. 

Definition 2.5. A pseudodifferential operator A in ^DO^(R d ) is said to be elliptic on 
U\ C R d if the principal symbol a m (x, £) is invertible for £ G R d \ {0} for all x G U\ and 

(2.4) ||a m (x,0- 1 ||<Ci(l + |el)- m forxeU u |£| > 1. 



Note that as a m (x, £) G £a(W, W) the inverse satisfies a m (x, £) 1 G £a(W, W). 
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2.2 Pseudodifferential operators on bundles of Hilbert modules. 



Throughout this section let (M, g) denote a compact Riemannian manifold of dimension 
d, possibly with boundary, A a finite von Neumann algebra, W an „4-Hilbert module of 
finite type and p : £ — > M a bundle of ^4-Hilbert modules with fiber W. 

Introduce the Banach bundles of bounded linear operators C — > M x M and B = 
C_a — ► M x M whose fibres at (x,y) G M x M are given by 

£xy £(£yi £x\ B X y B[£y,£ x ^). 

where C(£ y ,£ x ) denotes the Banach space of all bounded linear operators from the fiber 
£ y to the fiber £ x and 

B xy = {/ G C xy ; f is A - linear}. 

In a straightforward manner one may verify that the Banach bundle u> : B — > M x M has 
the following properties 

(Bui) B xy is a weakly closed linear subspace of C xy ; 

(Bu2) if b G B xy , then b* G B yx ; 

(Bu3) if b G B xy , b' G B yz , then bb' G B xz ; 

(Bu4) Id G B xx ; 

(Bu5) if a G B xx is invertible then a -1 G £> xx . 

Let C/ be an open connected subset of M and X = M. d or, in case U is a neighborhood 
of a boundary point of M, X = := {(x±, ...,Xd)',Xd > 0}. 

Definition 2.6. A pair ((f), $) of smooth maps <j> : U X and $ : £\U — > X x W is said 
to 6e a coordinate chart of (M, £ — > M) if 4> is a chart of M and $ is an A-trivialization 
of £ — > M over £7. 

in particular, $ x := $| p -i( x ) : — > W is an isometry. 

By a standard localizing procedure, one defines the Sobolev spaces H s (£) = H S (M,£) 
using the definition of Section 2.1 and a smooth partition of unity subordinate to an open 
cover of M which comes from an atlas of £ — ► M. (Equivalently, the Sobolev norms can 
be defined using a Riemannian metric on M and a connection on £.) The inner product 
in H s (£) will depend on the particular choice of the partition; however a different choice 
of partition of unity will lead to an equivalent inner product. 

The Sobolev s-norm of an element u G H s (£) will be denoted by ||n|| s .We point out 
that for s > t, H 8 (£) imbeds into H t {£). This embedding, however, is not compact if W 
is of infinite dimension (i.e. Rellich's lemma does not hold) even when M is closed. 

To simplify the exposition we again assume that M is closed. 

Definition 2.7. (1) A linear operator A : C°°(£) — ► C°°(£) is an A— smoothing opera- 
tor, if A is of the form 

(Au)(x)= K A (x,y)u(y)dy 
Jm 
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where the Schwartz kernel Ka of A is a smooth section of the bundle B — ► M x M. 
(2) A linear operator A : C°°(£) — > C°°(£) is a pseudodifferential A— operator of order 
m if for some atlas (cf)j, $j)j 6 j of £ — > M , A = ^ . Aj + T where T is an A— smoothing 
operator and the operators Aj are operators with support in the domain of <f>j and,when 
expressed in local coordinates, pseudodifferential A— operators of order m. 

One shows that A G ^DO^(M) is a linear operator, A : C°°(£) — ► C°°(£), which can 
be extended, for any s G R, to a bounded linear operator 

A:H s (£)^H s _ m (£). 

The principal symbol a a of A can be defined invariantly as a smooth function cta(x, •) : 
T*M\{0}^£ A (£ x ). 

Note that ^DOq°°(M) = n m ^DO^(M) is the space of ^.-smoothing operators. While 
it is clear that operators in ^DOq C<) (M) have smooth kernels, it is in general not true 
that such operators are compact. 

As in the classical theory one develops a calculus for these pseudodifferential operators. 
In particular, one shows that the composition A o B of two pseudodifferential operators A 
and B as well as the adjoint A* (with respect to the Hermitian structure on £ — ► M) are 
pseudodifferential operators of the expected order. 

2.3 Elliptic pseudodifferential operators. 

To simplify the exposition we assume that M is closed. 

Definition 2.8. An operator A e ^DO'g(M) is said to be elliptic if the principal symbol 
of A, cta(x,£), is invertible for all x G M and all £ G T*M \ {0}. 

As in the classical case one can construct a parametrix, R(p), for the operator (p, — A) 
when A is elliptic and \i G C \ \J^ X ^ e t*m\{o} s P ec ( a A(^, 0)- 

The operator R(p) is an element of tyDO~j 3 rn (M) and represents an inverse of (fi — A) 
up to smoothing operators. Let U be a chart of M which belongs to an atlas of £ — > M. 
Denote by <p and $ the diffeomorphisms 

(j) : R d — > U C M 
$ : R d x W — >£\ v 

where U is an open subset of M and $ trivializes the bundle p : £ — >■ M over U such that 
p( j) = w ith pi : R d x W — > R d . 

The symbol of R(fi) in the chart U has an asymptotic expansion determined inductively 
as follows: 

r- m (x, C, n) = (p- a m (x, 
25 



and, for j > 1, 



(2.5) 

r- m -j(x,£,fi) = r- m (x,i,ii) I ^ Yl -^d%a m -i{x, ^)D^r- m - k (x, f, //) J 

\fc=0 | Q |+;+fc=j a ' / 

where a is a mutiindex, a = (aii, . . . , ad), a! = aja^! • • • a^!, and = (\d x ) a . The term 
r- m -j(x 7 £, /it) is an element of £^(W, W) and is positively homogeneous of degree —m—j 
in : 

r- m -j(x, A£, A"» = A _m -^r_ m _j(x,^,//) 

for any ^6l d \ {0} and A > 0. 

In the classical case the parametrix of an invertible elliptic pseudo differential operator 
is readily used to show that the inverse of an operator is also pseudodifferential. For our 
more general calculus, additional arguments are necessary. 

Proposition 2.9. Assume that M is closed and that A G ^DO^(M) is elliptic. If A 
considered as a bounded linear operator, A : H m (£) — > L 2 (£), is one-to-one and onto, 
then A- 1 G *L>Og m (M). 



Proof: Denote by B G ^DOg m (M) a parametrix for A. The operators T ± := AB - Id 
and T 2 = BA-ld are in ^DO^°°(M). From this we conclude that A' 1 = B- A~ l T x . The 
statement follows once we prove that A _1 Ti G ^>DOq°°{M) or, equivalently, that A~ X T X 
has a smooth Schwartz kernel, K^-i Tl (x, y) G B xy C £(£ y ,£ x ). This is proved by using a 
technique due to Shubin [Sh2]. <0 

To state Lemma 2.10 we introduce the space ^DO™^ (M) of pseudodifferential op- 
erators of order m with coefficients in C(£). They are defined as were the operators in 
^DO^(M) by simply replacing the bundle B — > MxM with the bundle £(£) — > MxM 
whose fibres C(£) xy are given by C(£ y ,£ x ). 

Lemma 2.10. Let M be a closed manifold of dimension d. tyDOg~(M) is a closed subspace 
in tyDO™(gj(M) with respect to the topology provided by the operator norm, |||A|||, where 
A G tyDO™^ (M) is viewed as a bounded linear operator A : H m (£) — > L 2 {£). 

Proof In view of Lemma 2.9 it suffice to prove the statement for m < —d. In that 
case the result follows by noting that in view of Lemma 2.4 the Schwartz kernel Ka of 
A G ^DOq-(M) is a continuous function of (x,y) G M x M and A with K A (x,y) G B xy . 
As B xy is a closed subspace of C(£ y ,£ x ), statement (1) follows. 

As in the classical theory one proves the following estimates for the resolvent: 
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Lemma 2.11. (cf [Sel], [Shi],) Assume that A E ^DOg(M) is an elliptic operator of 
order m > such that A : H m (£) — > L 2 (£) is one-to-one and onto. Further assume that 
tv is an Agmon angle for A. 

Then for A < with |A| sufficiently large and for < m' < m, 

(2.7) 1 1| (A - A)' 1 1| | ^ m '< C m . | A|- 1+ ^ 

for some constants C m i > 0. 

2.4 Zeta-functions and regularized determinants of an invertible elliptic oper- 
ator. 

Let (M,g) be a closed Riemannian manifold. Assume that A E ^DO^(M) is elliptic 
and of positive order, m > 0, with 7r as an Agmon angle; i.e. there exists e > such that 

(1) V^e n specA = 0; 

As a consequence 7r is also a principal angle 

(2) V^e f| (U-cgM, (x,OeS*Mspec(a A (x^))) = 0- 

The solid angle is defined as in the introduction. Note that (1) implies the invert- 
ibility of A viewed as a bounded linear operator, A : H m (£) — > L 2 (£). Moreover, for 
5fe < 0, one can define the complex powers of A by 



(2.8) 



where 7^ is a path in C as defined in the introduction. For s satisfying < k — 1 < < 
k E N one defines 



A s = A i 



k a s — k 



It follows from Proposition 2.9 using arguments due to Seeley [Sel], that A s E ^DOq(M) 
(after suitably generalizing the concept of order to complex numbers s 6 C), depending 
holomorphically on s. Moreover, for < — ^, A s has a von Neumann trace 

trN(A s ) := / tx^KA s {x,x)dx 
J M 

where Ka s {x,v) E £(£ y ,£ x ) denotes the Schwartz kernel of A s . 

For a E C°° (M, C) and > ^ one defines the generalized zeta-function 



Ca,A( 8 ) = *M aA s )- 



As in [Sel] (cf also [Gi] Lemma 1.7.7) one shows 
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Theorem 2.12. (cf [Sel]J 

(1) Assume A e \E , DOg'(M) where m > anrf A is elliptic with n as an Agmon angle. If 
a G C°°(M, C), £/ien C«,a(s) admits a meromorphic extension to the entire s-plane. The 
extension has at most simple poles and s = is a regular point. The value o/Ca,^(s) at 
s = is given by 

(2.9) Ca,A(0) = / a(x)I d (x) 

J M 

where Id(x) is a density on M. In an appropriate coordinate chart, Id(x) is given by 

I I r r°° 

(2.10) I d (x) = ——— 1 d£ tr N (r_ m _ d (x,^,-^))rf^. 

If A is a differential operator and d = dimM is odd, then Id(x) = 0. 

(2) Assume that A(t) : H m (£) — > L2(£) is a family of classical pseudodifferential oper- 
ators of order m depending in a C r -fashion on a parameter t varying in an open set of 
KL Assume that A(t) is elliptic and that it is an Agmon angle for any t, uniformly in t. 
Then CA(t)( s ) i> s a family of functions holomorphic in s in a neighborhood of s = which 
depends in a C r -fashion on t. 

Theorem 2.12 above allows us to introduce the ^-regularized determinant of an elliptic 
operator A e ^DO'g(M) of order m > with % as an Agmon angle: 



d 

(2.11) detA := exp { - — 



(a(s) 

s=0 



To treat the case where A is not invertible, first note the following 

Lemma 2.13. Assume A e ^DOq(M). Then the nullspace of A, Null(A), is an A-Hilbert 
module of finite von Neumann dimension, dimjv(Null(A)). 

Assume that A is an elliptic operator, A e ^DO^(M), of order m > with n as a 
weak Agmon angle (i.e spec(A) U (— oo, 0) = 0) . Then the operator A + A with A > has 
7T as an Agmon angle and logdet(A + A) is a real analytic function in A. Define \ogdet N (A) 
to be the element in D represented by the analytic function 



(2.12) logdet 7V (A) := logdet 7V (A + A) - dim N (Null(A)) log A. 

Definition 2.14. A is of determinant class if 

(2.13) lim(logdet iV (A + A) - dim N (Null(A)) log A) 
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exists. In this case, logdet^A is a real number. 

If A is selfadjoint and nonnegative, there is a functional calculus for A. In particular, 
one can introduce the spectral projections Q(X) corresponding to the intervals (—00, A]. 
Using Proposition 2.9 and the assumption that A is nonnegative, one verifies that Q(X) is 
in ^DOq°°(M) for any value of A G 1. Denote the distibution kernel of Q(X) by K\ and 
define the spectral function 

(2.14) N A (X) := I tr N K x (x,x)dx. 

Note that N A (X) is nonnegative, right continuous and monotone increasing as a function 
of A. Moreover, N A (X) = for A < and for an appropriate constant C > 0, 

N A (X) < C|A|™. 

Proposition 2.15. Assume that A G ^DO^(M) is an elliptic, selfadjoint, nonnegative 
operator of order m > with ir as a principal angle. Then the following statements are 
equivalent: 

(1) A is of determinant class. 

(2) Jq + log XdN A (X) > -00. 

Here the integral denotes the Stieltjes integral on the half open interval (0, 1]. 

The proof of the proposition follows from the heat kernel representation of the determi- 
nant which we briefly discuss (cf [Gi]). Let 7 be a path in C defined by the composition 
7_ o 7 + of two straight half lines: 

7+ := {x + i(x + 1); —1 < x < 00} 
7_ := {x — i(x + 1); — 1 < x < 00} 

where 7 + starts at infinity and 7_ starts at x = —1. Using Proposition 2.9 and Lemma 
2.10 we may define the following bounded linear operator on L 2 (£) : 

One verifies that e~ tA E ^DO^°°(M) for t > 0. Hence, e~ tA has a smooth kernel, denoted 
K A (x, y, t), with values in B and admits a finite von Neumann trace, ti]<ie~ tA , given by 

/oo 
e - tA ^(A). 
-00 

As in the classical case one shows that for t — >■ 0, the kernel K A {x, y, t) has an expansion 
on the diagonal x = y of the form 

N-l 

(2.16) K(x,x,t)=J2 tl ^ l j( x ) + °( t ^) 

j=o 
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where N > 1 is arbitrary and the densities lj(x), when expressed in local coordinates, are 
given by expressions of the form (cf [Gi]) 

(2.17) W) = f rd di f^ e -»r- m -A^») 

where r_ m _j (x, £, n) , defined inductively by (2.5) , are the elements of the symbol expansion 
of the resolvent {p, — A)~ l of A in local coordinates. 

Proof of Proposition 2.15. Using the heat kernel representation of the zeta- function we 
deduce that 



logdet(A + A) = - — 
as 



J^t- 1 (tr N e-^+ A ^) . 



The expansion (2.16) is used to show that 

N (II 

is a continuous function of A for A > 0. To analyze 

A dt 



d 
ds 



^ ft 3 ' 1 (t^ A+X)t - dim N (Null(A))e- 
=o 1 \ s ) Jo v 



G(X) = r 1 (tr N e- (A+x)t - dim N (Null(A))e- A *) 

we write, applying Fubini's theorem together with tr^e~ At = e~ tJ,t dN A (n) and 
dim N (Null(^)) = N A (0), 

poo poo 

G(X) = / dN A {n) / t^e-^+^dt 
Jo+ Ji 

poo poo 

= / dN A+x (/j) / t^e-^dt. 

J\+ Jl 

For < A < 1, write G(X) = Gi(A) + G 2 (X) where d(A) and G 2 (X) are given by 

/oo poo 
dN A+x (fi) J t-'e-^dt 

pl poo 

G 2 (X) = / dN A+x (fj,) / t^e-^dt. 
Jx+ Ji 

The function G\(X) is estimated in a straightforward way. Concerning G 2 (X), note that 

poo poo 

/ t^e'^dt = -log/j + (1 -e _M )log// + / e~ s logsds 
Ji Jpt 

and that the function (1 — e _At ) log/i + e~ s log sds is bounded for jU G [0,1]. 
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2.5 Elliptic boundary value problems. 

Let (M, g) be a compact Riemannian manifold with boundary dM ^ 0. For the purpose 
of this paper we need only consider the Dirichlet problem for an elliptic selfadjoint positive 
differential operator A of order 2, A e DO%{M). 

Introduce the operator 

A D :C%(£) -^C°°(£) 

where Cp(£) := {u G C°°(£) : u\qm = 0}. Assume that n is a principal angle for A. 

Following [Se2] one constructs a paramatrix, Rd(^), for \i — Ad in a similar fashion as in 
the case dM — 0, describing inductively the asymptotic expansion of the parametrix sym- 
bol. The constructions differ in that, in the case of a manifold with boundary, each term 
in the expected symbol expansion includes a term arising from the boundary condition. 
These added terms arising from the boundary conditions only depend on the symbol ex- 
pansion of A and its derivatives along the boundary dM. Having constructed a parametrix 
one argues as in Proposition 2 of section 2.4 to conclude that A' 1 G ^DO^ m (M). This 
allows one to introduce complex powers of Ad and, for -fts > |, the zeta-function (a d ( s ) 
and its generalized version Ca,A D ( s ) (°f section 2.4). Following Seeley's arguments one 
obtains the analog of Theorem 2.12 

Theorem 2.12'. Let (M,g) be a compact Riemannian manifold with boundary dM ^ 0. 
Assume that A is a selfadjoint, positive, differential operator of order 2 in DOg(M) (note 
that iv is an Agmon angle for A and therefore a principal angle as well). Then the function 
(a,A D (s) admits a meromorphic continuation to the entire s-plane. The continuation has 
at most simple poles and s = is a regular point. The value of Ca,A D (s) at s = is given 
by 

(2.18) ta,A D (0)=f a{x)I d (x)+ I a{x)B d {x) 

J M JdM 

where in a coordinate chart of(M,£ — > M), Id(x) is defined as in (2.10). In a coordinate 
chart of (<9M, £\qm — ► dM), B d (x) is given by a formula similiar to that found in [Se2] 
involving at most the first d terms of the symbol expansion of A and its derivatives up to 
order d. 



Theorem 2.12' allows us to introduce the ^-regularized determinant of Ad by 

Ca d (s). 



d 

(2.19) \ogdet N A D = - 



s=0 
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3. Asymptotic expansion and the 
Mayer- Vietoris type formula for determinants 



3.1 1-parameter families with parameter. 

Let Ao, e denote the solid angle in C given by Ao, e = {re t9 ;r > 0, 2tv\6\ < e}. Consider 
a family of pseudo differential operators A(t), t G A , e with A(t) G ^DO'g(M). 

Definition 3.1. Aft) is a 1-parameter family of weight x in ^DO^(M) if for any chart 
4> : X — > U of an atlas of £ — > M (where X = R d , or in case U is a neighborhood of a 
boundary point, X = Mi.) and for all h, h! G Cq°(£7), the operator h'Ah, when expressed 
in local coordinates, has an £^(W, W) -valued symbol a = ah,h'-u satisfying the following 
properties: 

(1) for any multiindices a, (3 there is a constant C a ^p > such that 



\\d^a(x,^,t)\\ <c a/3 (i + iei + \t\^r-w 



where £ G M d , and t G A , e ; 

(2) a has an asymptotic expansion 

(3.1) a ~^V(O a m-j(^,C^) 

with tfj G C°°(R d ) satisfying 

\i »/i«i>i 

and a m -j G C°°(X, M d \ {0}, Ao, e ; £^(W, W)) depending in a C 1 -fashion on the parameter 
t, has compact x-support and is positive homogeneous of degree m — j in £, t* , i.e. 

a m -j(x, rf , r*t) =T m ~ 3 a m -j(x, f , t) 

for all r > 0. 

In the case where M is closed one proves (cf e.g. [Shi]) that for any s G K and / > 
m, A(t) is a bounded linear operator, A(t) : H s (£) — > H s _i{£). Denote by | ||^4(t)|| | s ^ s -z 
the operator norm of A(t), viewed as an operator A(t) : H s (£) — >• H s _i(£). 

Theorem 3.2. Let M be closed. The following estimates hold: 

(1) i/Z > 0, then |||A(t)||U s _ z < C Sjl (l + |£|xj ; 

/ i \ -(l—m) 

(2) ifm<l< 0, then \\\A(t)\\\ a ^ a -i < C a ,i (l + \t\xj 
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Definition 3.3. A 1 -parameter family Aft) in ^DO^(M) is elliptic with parameter, if 
for any chart <f> : X — ► U of an atlas of £ — ► M (where X = IR d , or in case U is 
a neighborhood of a boundary point, X = M^_) and for all h, h! G Cq°(U), the operator 
hi 'Ah, when expressed in local coordinates, has principal symbol a m (x,£,t) with values in 
£a(W, W) such that for all x G X with h(4>(x))h' (<j>(x)) 7^ 0, a m (x,£,t) is invertible for 
((,f)G(l d xA , £ )\{(0,0)}. 

Let M be closed. For a 1-parameter family A(t), elliptic with parameter, one constructs 
a parametrix, R(li, t), for fx — A(t) : Given fi UteA e s P ec (^C0); t) 1S a 1-parameter 
family in ^DO^ m (M) satisfying 

R(fi,t)(fi- A(t)) - lde^DO^°°(M) and 
(fx - A(t))R(n, t) - Id e^DO^°°(M). 

In local coordinates the symbol of R(fi, t) is constructed inductively: 

r- m (x,£,t,fi) ={fi - a m (x,£,t)) _1 



(3.2) r_ m _j-(x, £,*,//) 

1 \ 

= r_ m (x, £,*,//) I ^ -^df a m-l(x,^,t)D^r- m - k (x,^,t,n)\ 
\k=0\a\+l+k=j a ' j 

where D x = \d x . The term r_ m _j(x, £, t, y) is positive homogeneous of degree — m — j in 

3.2 Asymptotic expansion for determinants. 

As in [BFK2, Appendix], one proves a result concerning the asymptotic expansion of a 
1-parameter family A(t) in ^DO'q(M), A(t) elliptic with parameter. 

Theorem 3.4. Let M be a closed manifold. Assume that A(t) is a 1-paramter family in 
^Z)Og (M), elliptic with paramter of weight x and having 7i as an Agmon angle uniformly 
in t (cf [BFK1, Theorem 1.1]). Then the function logdet Ar A(t) admits an asymptotic 
expansion for t — > 00 of the form 

d d 

(3.3) logdet Ar A(t) + * log \t\ 

-00 

where ~a~j = J M aj(x, ^)dx, bj = f M bj(x, ^)dx, are defined by smooth densities a,j(x, j||) 
and bj(x, jj^), which can be computed in terms of the symbol of A(t). 
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In particular, with respect to a coordinate chart, ao(x, ) is given by 

d£ [ djiji~ s tT N ( r_ m _ d ( x,£, ^-r,n 



s=o ( 2yr ) 2y ™ Jm d Jr V VI* 

(3.4) = - j£yiJ Rd dzJ o ^tr N (r_ m _ d ^ -,*)) . 

A similar result holds in the case where M has a nonempty boundary, dM ^ (cf [BFK2]). 
With the notation introduced in section 2.6, one obtains 

Theorem 3.5. Let (M, g) be a compact Riemannian manifold with boundary, dM ^ 0. 
Assume that Ait), t e Ao, e , is a 1-parameter family of selfadjoint, positive differential 
operators in ^Z)Og (M), of order m = 2, elliptic with paramter of weight x- Assume that 
there exists e' > such that for all t G A 0;e ', specA^(t) fl V^^ 1 = 0- Then the function 
\ogdet N Ar>{t) admits an asymptotic expansion for t — > oo of the form 

d d 

(3.5) logdet Jv ^ D (t) ~ 1*1* + X! +^) 1*1* lo S 1*1 



i=o 



r6 



where aj and bj are given as in Theorem 3.4- The quantities and bj are contributions 
from the boundary and are of the form 



■l> I I .. 1 \ . T 1 ' f ub I * 



(3.6) a°= / < x,- ; b 3 = bUx 

JdM V I 1 !/ J dM \ \ t 

In a coordinate chart of {dM, E\qm — ► dM) the densities a^(x, ) and bj{x, j|| ) are given 
by a formula each involving only finitely many terms in the symbol expansion of A(t) and 
finitely many of its derivatives. 

3.3 Mayer- Viet oris type formula. 

We restrict ourselves to the case needed for this paper. We assume throughout this 
subsection that (M, g) is a closed Riemannian manifold. Let V be a smooth embedded 
hypersurface in M with trivial normal bundle. Consider an elliptic, selfadjoint, positive, 
differential operator A of order 2, A : C°°{£) — > C°°{£), of Laplace -Beltrami type 
(i.e the principal symbol is of the form 0-^4 (x,£) = ||£|| 2 -/"<i£.J with spec(A) C [e, 00) for 
some e > 0. Denote by Mp the manifold whose interior is M \ T, and whose boundary is 
dMp = r + U r~, where r + and T~ are both copies of T. Let gp be the Riemannian metric 
on Mp obtained by pulling back the metric g and let £p — > Mp be the pullback of the 
bundle £ — > M. Consider Ap : C°°{£p) — ► C°°{£p) with Dirichlet boundary conditions. 
Then Ap is selfadjoint, positive and elliptic with spec(Ar) C [e, 00) so that n is an Agmon 
angle for Ap. Introduce the Dirichlet to Neumann operator, Rdn, associated to the unit 
vectorfield normal to V. This operator is defined as the composition 

C°°{S\p) ^C°°{S\p + ) © C°°(£| r -) ^ C°°{S\p) 

C°°(£\p + ) © C°°(5| r -) ^ C°°(£:|r) 
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where A iag (/) = (/, /) is the diagonal operator, P D is the Poisson operator associated to 
Ar, N is the first order scalar differential operator induced by the normal unit vectorfield 
along T and A;ff is the difference operator Aifj(/ + ,/ _ ) = f + — f~ ■ As in [BFK2] one 
proves the following 

Theorem 3.6. Assume that (M, g) is a closed Riemannian manifold and A is an elliptic, 
selfadjoint, positive differential operator, A : C°°(£) — ► C°°(£) of order 2 of Laplace- 
Beltrami type with spec(A) C [e, oo) for some e > 0. Then Rdn is an invertible pseudodif- 
ferential operator in ^DO^(T). The inverse Rp N is given by 

(3.7) K^^A-^-QSr) 

where J is the trace operator J : H s (£) — > H s -i(£\r) and 5r denotes the Dirac distribu- 
tion along V (cf [BFK2] (4-5)). As a consequence one concludes 

(1) Rdn is selfadjoint and positive with spec(RoN) C [e', oo) for some e' > 0. In particu- 
lar, 7r is an Agmon angle for Rdn- 

(2) The principal symbol, a{R D \), of R~jj N can be computed in terms of the principal 
symbol a (A' 1 ) of A' 1 (cf [BFK2] (4.6)): 

(3.8) a(R^ N )(x',0 ~ f aiA-W&Z'^dr, 

^ Jr 

where x = (x',w) are coordinates in a collar neighborhood ofY such that x' are coordinates 
ofT and the normal vectorfield along V is represented by -J^. 

(3) In a coordinate chart for V which arises from a chart belonging to an atlas of £\r — > 
r, the symbol of Rdn has an expression whose terms depend only on the terms of the 
expansion of the symbol of A and its derivatives in an arbitrarily small neighborhood ofY. 

(4) 

detN(A) =cdetN(Ar)detN(RDN) 

where 

c =exp c(x) S j 

and the density c(x), when expressed in a coordinate chart of V which is contained in an 
atlas of £\t — > T, depends only on the first d terms of the symbol expansion of A and 
their derivatives in an arbitrarily small neighborhood of V. 

(5) Assume that instead of the single operator A, there is a family A(t) : C°°(£) — ► C°°(£) 
of differential operators of order 2 of Laplace- Beltrami type with parameter t G Ao, e ', e' > 0, 
of weight x such that A(t) is elliptic, selfadjoint and positive for each t. Introduce as above 
A(t)r, RDN(t) and assume that spec(A(t)) H V nj€ ' = for some e > and for all t G A 0)£ . 
Then Rdn^) is an invertible family of pseudodifferential operators with parameter (cf 
[BFK2] (3.13)) of order 1 and weight x- 

Remark For the convenience of the reader who is only interested in the results as stated 
above, Y.Lee has written an easily accessible version of [BFK2] (cf [Lee]). 
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4. Torsions and Witten deformation of the analytic torsion 

4.1 Reidemeister and analytic torsion in the von Neumann sense. 

Let M be a closed manifold of dimension d and W an (A, r op )-Hilbert module of finite 
type with T = m(M) the fundamental group of M. Let p : S — > M be the bundle of ^4- 
Hilbert modules over M associated to W as described in section 1. The fiber of this bundle 
is isomorphic to the „4-Hilbert module W. The smooth bundle p : £ — > M is equipped with 
a flat canonical connection. Both its Hermitian structure fx and fiberwise ^4-action p are 
left invariant by the parallel transport induced by the canonical connection. 

Let ft : M — > R be a smooth Morse function. For convenience we assume that ft is 
self-indexing, i.e. h(x) = index(x) for any critical point x of ft. Let g' be a Riemannian 
metric so that r = (ft, g') is a generalized triangulation. This means that for any two 
critical points x and y of ft, the unstable manifold and the stable manifold Wy , 
associated to the vector field grad g ,ft, intersect transversally and, in a neighborhood of 
any critical point x of ft, there exist coordinates y±, y^ with respect to which ft is of the 
form h(x) = k — (yf + ... + y|)/2 + (y% +1 + ■■■ + y^)/2 with = index(x) and the metric g 
is Euclidean (cf. Introduction). Let M — > M be the universal covering of M and ft and ^' 
be the lifts of ft and g' on M. Denote by Cr g (ft) C M resp. Cr g (ft) C M the set of critical 
points of index q of ft resp. ft and let Cr(ft) = U 9 Cr g (ft). Clearly the group V acts freely 
on Cr g (ft), for any q, and the quotient set can be identified with Cr g (ft). 

For each x G Cr(ft) choose an orientation 0$ for the unstable manifold and denote 
Oh '■= {Ox',x G Cr(ft)}. To the quadruple (M,r,Oh,yV) we associate a cochain complex 
of finite type over the von Neumann algebra A, C(M 7 r, Oh) = {C q , S q }. The components 
C q are the ^4-Hilbert module of finite type, C q := T(£\c Tq (h)) = 0xeCr q (/i) ^ which can be 
identified with the module of T-equivariant maps / : Cr 9 (ft) — > W. To define the maps 5 q a 
few remarks are in order. The orientation on M together with the orientations Oh induce 
orientations on the stable manifolds which in turn permit us to define the following 
functions m q : Cr g (ft) x Cr g _i(ft) — > Z 

m q (x,y) := intersection number (W^ , W~~). 

Notice that the functions m q have the following properties: 
(Inl) m q (x,y) = m q (gx,gy), for all g G iri{M); 
(In2) {x G Cr q (h);m q (x,y) ^ 0} is finite for any y G Cr g _i(ft); 
(In3) {y G Cr g _i(ft); m q (x, y) ^ 0} is finite for any x G Cr g (ft); 

( In4 ) Ey € cr 9 _ 1 (^) m «( £ '^) ■ m g-i(y^) = for an y x e Cr g (ft) and any z G Cr g _ 2 (ft). 

Properties (Inl)-(In3) imply that for any T-equivariant map / : Cr g _i(ft) — > W, we can 
define the T-equivariant map 5 q -i(f) : Cr g (ft) — > W by the formula 

(4.i) s q - 1 (f)(z)= m ^y)f(y)- 

yeCr q _ 1 (h) 
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By property (In4), 5 q • <^_i = 0. 

One defines log T comb (M, r) G D by 



(4.2) log T comb (M, r) := log T(C(M, r, O h , W)) 
(cf section 1). 

One can show that logT com b is independent of the choice of the orientations Oh- 

Let (M, g) be a Riemannian manifold and W a (^4, r op )-Hilbert module of finite type. 
Let A q (M;£) = C°°(£ <g> A 9 (T*M)) be the space of smooth g-forms with values in W 
where T*M denotes the cotangent bundle of M and p : £ — > M is a smooth bundle of 
^4-Hilbert modules of finite type with fiber W. The Riemannian metric g induces the 
Hodge operators R q : A q (T*M) x -> A d - q (T*M) x (x G M) and the Hermitian structure 
fx on £ together with the Hodge operators induce a Hermitian structure on £ <g> A 9 (T*M) 
given by (s, s' G C°°(£:); tu, w' G C°°(A«(T*M))) 

(s ® w, s' <S> w')(x) = (j, x (s(x), s'(x))R q (w(x) A R q w'(x)). 

As a consequence £^ ® A 9 (T*M) is smooth bundle of A— Hilbert modules. The canonical 
connection in p : £ — > M can be interpreted as a first order differential operator y^d q : 
A q (M;£) — > A 9+1 (M;^). As the canonical connection is flat, y^dq+i-wdq = for any q. 
Notice that yyd q is an ^4-linear, differential operator and if the action of V on W is trivial, 
yyd is the usual exterior differential Id <g> <i. In case there is no risk of ambiguity we will 
write d instead of y^d and continue to call it exterior differential. 

The formal adjoint of \yd q with respect to the above defined Hermitian structure is 
a first order differential operator wd* : A q+1 (M;£) — > A q (M;£) and is again ^.-linear. 
Introduce the Laplacians, acting on (/-forms, 

A q = d*d q + d q -id*_ 1 . 

The operators A q are essentially selfadjoint, nonnegative, elliptic and ^.-linear. The space 
A q (M;£) can be equipped with the scalar product 

(4.3) ( Ul ,u 2 ) r = ((Id + A q y/ 2 ( Ul ),(Id + A q y/ 2 (u 2 )) 
where 

<(id + A q y/ 2 ( Ul ),(u + A q y/\ U2 )) 
= [ ((id + A q y/ 2 ( Ul ),(id + A q y/ 2 (u 2 ))(x)dvo\ g . 

JM 

The completion of A 9 (M, £) with respect to the scalar product (., .) r is an ^l-Hilbert 
module 

H r (A q (M;£)) : the space of forms of degree q in Sobolev space of order r. In the case 
where r = 0, we write also L 2 {A q {M; £)). Obviously, these Hilbert modules are not of 
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finite type. Note that the operators (Id + A 9 ) r / 2 define isometries between K r > (A 9 (M; £)) 
and if( r /_ r )(A 9 (M; £)). Let H q be the A— Hilbert module of harmonic q-forms 

H q = {ive L 2 (A q (M; £))■ A q (u) = 0}. 

Since A q is elliptic, H q C A q {M; £). The integration Int^ on the q-cells of the generalized 
triangulation r, which are given by the unstable manifolds of gra,d g ,h, defines an A— linear 
map 

Int {q) : A q (M;S) ^ C q 

so that 8 q Int^ = Int {q U q . Denote by n q the canonical projection 7r q : C q -> Null(A^ omb ). 
By a theorem of Dodziuk [Do] of de-Rham type, the map 7i q Int^ q \ restricted to 7i q , is 
an isomorphism of Hilbert modules. Denote its inverse by 9 q . Since Null(Ag° mb ) is an 
A— Hilbert module of finite type so is Tt q . Define T me t as the positive real number, viewed 
as an element in D (cf. Introduction) by 

(4.4) log T met (M, g, W, r) := ^(-l^logdet^*^). 

q 

The Reidemeister torsion T Re (M, W, r) G D is defined (cf [CM],[LR]) by 

(4.5) logT Re (M, g, W, r) = logT comb (M, W, r) + logT met (M, W, r) 
and the analytic torsion T an (M, W) G D (cf [Lo],[Ma]) by 

(4.6) logT an (M,^,W) = ^ ^(-l) 9+1 q , logdet Ar (A (? ). 

q 

Following Gromov-Shubin [GS], for A > 0, we introduce the functions F q (X) := Fd q (X) = 
sup{dimjv£;£ G ^(A)} where V q (X) consists of all ^.-invariant closed subspaces C C 
d q -i(A q ~ 1 (M; £)) C L2(A 9 (M;£)), so that for any uj G £, a; is in the domain of definition 
of d q and 

(4.7) ||d g u;|| < A 1/2 |M|. 

Note that a subspace C satisfying (4.7) is in fact contained in A q,+ (M;£) where 

(4.8) A q '+(M;S) = dgZ^A^iMiSj) n A q (M;S). 

These functions are elements in the space F (cf section 1). By arguments of Gromov- 
Shubin which we recalled in section 1.2, the spectral functions A^(A) = A^A fc (A) of the 
Laplace operator Afc are given by /3k + -ffc-i(A) + -ffc(A). 
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Definition 4.1. 

(1) The system (M, r, W) is said to be of c — determinant class iff for < k < d, 



/ log XdN A comb (A) > — oo. 
Jo+ k 



'o+ 

(2) The system (M, g, W) is said to be of a — determinant class iff for < k < d, 



[ log XdN Ak (X) > -oo 



or, equivalently, 



log XdF k (X) > -oo. 



o 



4.2 Witten's deformation of the analytic torsion. 

Let lo G A 1 (M) be a smooth closed 1-form on M. Introduce a perturbation 
(A q (M;£), w d^) of the deRham complex (A«(M; £), w d q ) with 

(4.9) d% := w < :=w d« + o;A(.). 

The formal adjoint of with respect to the Hermitian structure on £ ® A q (T*M), intro- 
duced in section 4.1, is a first order ^4-linear, differential operator 

(d%)* : A q+1 (M;£) -> A 9 (M;£). 

Introduce the perturbed Laplacians, acting on g-forms, 

(4.10) A- = «)*< + <-!«_!)*• 

The operators A^ are ^4-linear, elliptic operators which are positive and essentially selfad- 
joint. They are zero'th order perturbations of the Laplacians A q defined above. The case 
u = tdh where h : M — > R is a smooth function was considered by Witten c/[Wi]. The 
multiplication by e th defines, for any r, a linear operator on H r {A q {M; £)), which is an 
isomorphism of A— Hilbert modules and we have d q (t) = e~ th d q e th . We call the operators 
A q (t) = A q dh the Witten Laplacians associated to h. More generally, we will refer to the 
complex (A q (M; £), d q (t)) with d q (t) — d q ^ as the Witten complex. Define the perturbed 
analytic torsion T an (M, g, W, u) as an element in the vector space D 

logT an (M,s, W,u;) := ^(-l^logdet^A?) 

and the Witten deformation of the analytic torsion T an (M, g, W, uS) 

(4.11) logT an (M,<7,W,u;)(£) := log T an (M, g, W, too). 

Remark If (M, g, W) is of a — determinant class and u = dh then the Witten de- 
formation satisfies log T an (M, g, W, tu) G K C D, for any £. This can be verified as 
follows: define functions F d tdh(A) as above replacing d^ by As (L 2 (A fc (M; £)), dfc) 

and (L 2 (A fc (M; £)), dfc(t)) are isomorphic, one concludes, according to results of Gromov- 
Shubin, that F d th(X) ~ Fd k (X) and therefore, as Afc is of determinant class, so is Afc(t). 
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4.3 Product formulas. 



For % = 1,2, let Ai be finite von Neumann algebras, (Mi, gi ,Ti) closed Riemannian 
manifolds of dimension di (even or odd) , equipped with the generalized triangulations Tj = 
{hi,g[). Let Wi be (Ai, r° p )-Hilbert modules of finite type T; = 7n(M;), and u { £ A 1 (M i ) 
closed 1-forms (i = 1,2). Introduce A := Ai <g> A 2 , W := Wi <g> W 2 , M = Mi x M 2 , 
g = gi x (72, t := (h = hi + h 2 , g' = g[ x <7 2 ) and u; = a;i <g) 1 + 1 <E) o>2 . Further denote by 
E ^ M and Ei Mi (i = 1,2) the bundles associated to Wi and W. 

Proposition 4.1(Product formula), (cf [CMj,[LoJ,[LRj) With the hypotheses above: 
(1) 

(4.12) log T an (M, <7, W,a;) 

= x(M x ) • log T an (M 2 , <7 2 , W 2 ,^ 2 ) +x(M 2 ) • log T &n (M u g u W u ui) 

(2) 

(4.13) log T Re (M, (7, W,r) 

= X (Mi) • log T Re (M 2 , (72, W 2 , r 2 ) + X (M 2 ) • \ogT Ke {M u gi ,W u n) 

Proof: (2) follows from Corolary 1.22 and Proposition 1.9. To prove (1) observe that 

L 2 (A r (M, £)) = @ p + q = r L 2 {N?{M u E{)) ® L 2 (A 9 (M 2 , £ 2 )) 

and note that A g = © p+r=g A( Pir ) with 

A (Pjr) = (A;<8)Id) + (Id(8)A / r / ) 

is an ^4-linear, elliptic, differential operator where A^ and A" denote the Laplacians cor- 
responding to E\ — > Mi, respectively, £2 — ► -M2. Notice that e~ tAp ' r = e~ tA p <8> e - *^ is of 
trace class in the von Neumann sense. As in (1.30) introduce 

(4-14) Cm(A, s) = - / ^ W^*^- 

As a consequence of a theorem of deRham type due to Dodziuk [Do] one obtains xC^O = 
^(-l)' ? dimjv(^ (J (M;£)). To prove (1) it suffices to verify that 

(4.15) Cm(A, s) < Ml (A, s) • x(M 2 ) + Cm 2 (A, s) • X (M l ). 

In order to apply the line of arguments of the proof of Proposition 1.21 one needs only to 
prove that 

(4.16) tT N e~ tA t+i = tv N e- tA « 

where A+ respectively A+ denote the restriction of A q to A q ' + (M;E) respectively 
A q, ~ (M;E). Equation (4.16) follows from the observation that the spectral projector 
Pq + i(^) and Pq (X) associated to A+ +1 respectively A~ are intertwined by d q and therefore 
tr JV P+ +1 (A) = tr Jv p-(A). 
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5. Witten's deformation of the deRham complex. 

In this section we discuss Witten's deformation of the deRham complex of differential 
forms with coefhecients in a Hilbert bundle £ — > M of finite type and extend the analysis 
of Helffer-Sjostrand [HS1] to this more general setting. 

Assume that (M, g) is a closed Riemannian manifold and let h : M — > R be a Morse 
function, so that r = (/i, g) is a generalized triangulation. Let W be a (A, r op )— Hilbert 
module of finite type with r = tt\ (M) . To simplify the exposition we assume that W is a 
free A- Hilbert module. Denote by £ — > M the bundle of .A-Hilbert modules associated to 
W. Let x q -j G Cr q (h) be a critical point of index q and {7 g j an open neighborhood of x q j. 

Definition 5.1. U q j is said to be an H-neighborhood of x q -j if there is a ball _E?2a := {x G 
R d ; \x\ < 2a} and diffeomorphisms (j> '■ B 2a — > U q j and $ : B 2oi x W — > £\u qj with the 
following properties: 

(i) 0(0) = x q -j- 

(ii) when expressed in the coordinates of 0, /i o/ i/ie /orm 

=q-(x 2 1 + ... + xJ)/2 + (x 2 q+1 + ... + x^)/2; 

(Hi) the pull back 4>*{g) of the Riemannian metric g is the Euclidean metric; 
(iv) $ is a trivialization of £\u qj - 

For later use we define U q j := (f)(B a ). 

A collection (U x ) xe c r (h) of H-neighborhoods is called a system of H-neighborhoods if, in 
addition, they are pairwise disjoint. 

As in section 4, denote by A 9 (M; £) := C°°(£ <g> A 9 (T*(M))) the ^l-module of smooth 
(/-forms with values in £ and by L2(A q (M;£)) its completion, which is an A— Hilbert 
module. We write A <? (M;W) for A q (M;£) when £ = M x W is the trivial bundle and 
A 9 (M;R) for the space of smooth (/-forms on M. Consider the Witten Laplacian A q (t) : 
A q (M;£) — > A q (M;£) associated to h and observe that 

(5.1) A q (t) = A q + t 2 \\Vh\\ 2 +tL q 

where L q is a zero'th order differential ^4-operator on A q (M; £), hence given by a bundle 
endomorphism, and where ||V/i|| 2 is a scalar valued function on M given by ||V/i|| 2 (a;) = 
Xa<i j<d9^ ( x )§£~~§x~ w it n (g lJ '(%)) denoting the inverse of the metric tensor g when 
expressed in local coordinates. A q is a nonnegative, selfadjoint, elliptic differential A- 
operator. Let A 9 (M;£) sm be the image (which depends on t) of the spectral projector 
Q q {l,t) of A q (t), corresponding to the interval (— oo, 1]. This space consists of smooth 
q-forms and is an ^4-Hilbert module. 

The purpose of this section is to study the complex (A*(M; £) sm , d*{t)) for t sufficiently 
large and to precisely formulate and prove that this family of complexes converges to the 
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cochain complex C*(M, r, Oh), introduced in section 4, when t — > oo. In the case A = R 
and W = R this was done by Helffer and Sjostrand [HS1]. Their arguments are still valid 
in the general case. Bismut and Zhang [BZ] verified this in the case A = R. Here we 
outline the proof for an arbitrary finite von Neumann algebra A, refering to [BZ] for those 
details whose verifications are the same as in the case A = R. 



Consider hk ■ R d — > R defined by hk(x) = k + \{— \xi\ 2 + Ylk+i \ x i\ 2 ) an< ^ denote 
by A q : A q (R d ; R) -> A 9 (R d ; R) the flat Laplacian on g-forms on R d and by A q . k (t) : 
A q (R d ; R) — > A 9 (R d ; R) the Witten Laplacian associated to /ifc- A straightforward calcula- 
tion shows that 



For 77 > 0, let : R — > [0, 1] be a smooth map equal to 1 on the interval (—00, rj/2) and 
equal to on the interval (77, 00). For e > 0, which we will choose later at our convenience, 
define $ q (t) G A 9 (R d ; R) by 



where (3(t) = \ \u e (\x\)u q (t)\\2- With respect to the scalar product in A q (R ; R) induced by 
the flat metric of R d , (u)k(t),&k(t)) = 1 and {^k(t),ifjk(t)) = 1. Consider A q = A g ®Id and 
A q -k(t) = Aq ; fc(£)<g)Id, defined on A 9 (R d ; W). Both are nonnegative, essentially selfadjoint, 
elliptic ^4-operators and have the following properties: 

(HOI) specA g; fc(t) is discrete and contained in 2tZ> ; each eigenvalue has infinite multi- 
plicity if dimjR.4. = 00. 

(H02) Null(A«, ;fc (t)) = if k ^ q; Nu\\(A q . q (t)) is an AHilbert module isometric to W. 
(H03) Assume that {v±, v{\ is an orthonormal basis of W, i.e. a collection of orthonor- 
mal vectors which generate W, as an ^4-Hilbert module and such that for any a, 6 G A, 

(5.4) (avi,bvj) = (a,b)8ij. 

Then uj q ^ := oj q {t) <8> Vi, 1 < i < I, is an orthonormal basis for Null(A g;9 (rj)). Similarly 
i^q,i '■= i>q(t) <S> Vi, 1 < i < I, provide an orthonormal basis for the .4-Hilbert submodule 
generated by them. A straightforward calculation, using (5.2), (5.3) and (5.3') and (HOI), 
shows that there exist constants C(e), C (e) > 0, so that, for 1 < i < I, and for t sufficiently 
large, 




by 



N q;k( dx h A ••• A dx O = #i k + 1 < i j< d}dx h A ... A dx iq 
and N~ k := qld - N+ k . Denote by Q q (t) G A q (R d ; R) the g-form defined by 

(5.3) u q {t) := (*/7r) d/4 e-* |a!|3/2 da;i A ... A dx q . 



(5.3') 



^ q (t) :=/3(t)-V e (|x|K(t) 



(5.5) 



(A g;(? (t)^,A 9 , g (t)^)=0(e- c ^), 
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(5.6) 



{A q . k (t)il> q ,i,il> q ,i) > C (e)t (k^q) 



and for any u G A q (M. d ;W) with (oj,ip) = for ifi in the Hilbert module generated by 



For any two points y,z G M denote by d(y, z) the distance induced by the metric g and 
by d,A(y,z) the distance induced by the Agmon metric qa = \Vh\ 2 g. Let x G Ci k(h) and 
U x be an H- neighborhood as defined above. For y G U x one has d,A{x,y) = |y| 2 /2 and 
d(x,y) = \y\. Choose e > so that the balls B(x;4e) = {y G M;d(x,y) < 4e}, centered 
at critical points x, are pairwise disjoint, and B(x;3e) C U x . Choose once and for all a 
base point xq G M, an orthonormal basis ei, e\ of £ Xo , and choose for each critical point 
x = x q -j G Cr q (h) a homotopy class [7^] of paths, joining xq and x (choose 7 Xo = {xq}). 
Denote by e g;J) i, e q -jj the orthonormal basis of £ x obtained from e\,...,ei by parallel 
transport along 7^, provided by the canonical flat connection on S. Using the parallel 
transport, one can identify S\u x with U x xW and, using a system of H- neighborhoods U x , 
one can identify the forms u G A q (M; S) having support in U x with forms in A 9 (R d ; W). By 
extending ip x ,i(t), defined by this identification on U x , by zero to all of M one obtains a form 
in A q (M;£), which we again denote by ip x ,i(t)- The forms ifj X; i(t)(l < i < l,x G Ci q (h)) 
satisfy (5.4), and therefore provide an orthonormal basis for the ^4-Hilbert module which 
they generate. 

Proposition 5.2. For any q there exist positive constants C , C" , and to so that 
spec(A g (t)) n (e~ tc \ C"t) = for t > t . 

Proof In a first step we prove that for t > to, with to sufficiently large, there exists 
a pair of orthogonal closed subspaces Wi = Wi(t),W 2 = W 2 (t) of L 2 (A q (M;£)) with 
W 1 C A q (M; S) so that the following properties hold: (1) W 1 C\W 2 = {0}; (2) W x + W 2 = 
L 2 (A q (M; £)); (3) \\A q (t)u\\ < e' 120 " \\u\\ for u G and (4) (A q (t)u,u) > 2C"t(u,u) 
for u G W 2 fl A q (M; £). 

In a second step we show that, using step 1, Proposition 5.2 follows. Let us prove step 
2 first. We argue by contradiction. Assume that there exists a sequence tj — > 00 and real 
numbers fij G specA^t,) fl (e~ tjC ,C"tj). For each j > 1, one can find an approximate 
eigenfunction Uj in the domain of A q (tj), \\uj\\ = 1, satisfying 



Decomposing Uj = Vj + Wj G W\{tj) © W 2 (tj), one verifies, using the fact that A q (t) is 



(5.7) 




A q {tj)uj — HjUj\\ < e 



-4C% 



selfadjoint, 



\{A q (tj)Uj,Vj)\ < WAgit^VjWWVjW + \\Wj || || A(tj)Vj 



as well as 



n\\ v j\\ 2 = (miVj) < \( A q(tj) u j^j)\ + \( A q(tj) u j ~m^j)\- 
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Together with property (3) these two inequalities imply 



HjWvj || |K- 1| <e 2C ^(||vJIK-|| + IK-|| 2 ) + e * C ' tj \\wj\\. 

It remains to prove step 1. Define W\ := Wi(t) to be the ^4-Hilbert module gener- 
ated by ip Xji (t)(l < i < l,x G Cr q (h)) and W 2 := W 2 (t) its orthogonal complement in 
L 2 (A q (M; £)). Clearly properties (1) and (2) are satisfied. Further note that an element 
ui G W\ has a representation u> = Xa<i<; X £Cr g (h) a x,ii^x,i(t) with a Xj i G A and that A g (t), 
when restricted to U x with x G Cr/^/i) and expressed in local coordinates introduced above, 
coincides with A q -k(t). Therefore, in view of (5. 4), (5. 5) and the support properties of ijj qj i, 
we have, with C = C(e) as in (5.5), 

(A q (t)u,oj) = ^ (ax,iA q (t)ip qii ,a X:i A q (t)ip qii ) 

l<i<l,xeCr q (h) 

<^IK,|| 2 e - t2C < ||^|| 2 e- t2C . 

i,x 

It remains to check the estimate (4). Denote by Xx '■ M — > R the smooth cut-off function 
with support in U x defined by v 2e and introduce x = X^eCrO) Xx- For uj G W 2 nA 9 (M; £), 
define uj\ = and uj 2 = (1 — %)u; and observe that the support of u 2 is disjoint from the 
support of any element in W±; therefore uj 2 G W 2 C\A q (M; £) and hence loi G W 2 (~)A q (M; £). 
Since A q (t) is essentially selfadjoint one obtains 

(5.10) (A q (t)oj, u) = {A q (t)u} U wi) + 2(A,(t)u;i, w 2 ) + (A g (£)u; 2 , w 2 ). 

We show that there exist positive constants to, Ci, C 2 , C3, C4 depending only on the ge- 
ometry of (M, £ — > M) and the chosen e, so that for any cj G VF 2 H A 9 (M; £) and t > t 
the following estimates hold: 

(5.11) (A q (t)oj 2 ,aj 2 ) > (A q uj 2 ,uj 2 } + dt 2 \\uj 2 \\ 2 - C 2 t\\uj 2 \\ 2 ] 

(5.12) (A,(t)o;i,a;i> >C 3 t||a;i|| 2 ; 

(5.13) (A q (t)uji,uji) > (AqUx^ui) - C 2 t||a;i|| 2 . 
For a > 0, (A g (£)u;i, cu 2 ) is bounded from below by 

(5.14) -2C 4 (1 + a- 2 )(||wi|| 2 + ||w 2 || 2 ) - C 4 a 2 (A^ 2 ,u; 2 ) - C 4 a 2 (A,wi, wi). 

Note that (5.12) and (5.13) imply that for any < 5 < 1 

(5.15) (A^tVx,^) > (1 - 5)(A g u;i,a;i) + t(5C 3 - (1 - tf)C 2 )| 1 1 2 . 
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To prove (5.11) choose C x := ^ z eM\u xeCr(h) u x l|V/i(^)|| 2 and C 2 = sup x6M | \L(x) | |. 
The estimate (5.11) then follows from (5.1). 

To prove (5.12) it suffices to notice that the support of lo\ is contained in U xe c r (h)U x 
and uj\ is orthogonal to ip x i(x G Cr q (h) : 1 < i < I). Thus (5.12) follows from (5.7) with 
C 3 :=C Q (e). 

Formula (5.13) is a direct consequence of (5.1). 

To find the lower bound (5.14) note that \(Lu) 'i,o>2)| < C 2 \{(jJi,uj2)\ and, using that 
supp^) does not intersect any of the U' x s, (| | Vh\ \ 2 oJ\, uj 2 ) > Ci(x(l — x)cu,u;) > 0. 
Combining with (5.1) one concludes 

(A q {t)u u u 2 ) = {A q u u uj 2 ) + t 2 (||V/i|| 2 u;i, u> 2 ) + t(Lu> 1 ,u> 2 ) 

> (AqU! , oj 2 ) + (dt 2 - C 2 t) (wi ,u 2 ). 
For t > C 2 /C\ one thus obtains 

(5.16) {A q {t)u u u 2 )>{A q u u u 2 ). 

Therefore, the lower bound (5.14) follows from Lemma 5.3 below. 

To complete the proof of property (4) combine (5.10) with the estimates (5.11), (5.14), 
and (5.15) to obtain for < 5 < 1, a > and t > C 2 /C\, 

(A q (t)u,u) > (l-2C 4 a 2 )(A q u 2 ,uj 2 ) + (1 - 5 - 2C 4 a 2 )(A q uj 1 , wi) 

+(Cit 2 - C 2 t - 4C 4 (1 + a- 2 ))||w 2 || 2 + (t(5C 3 - (1 - S)C 2 ) - 4C 4 (1 + a" 2 )))^!! 2 . 

First choose < 5 < 1 sufficiently close to 1 so that 5C 3 — (1 — S)C 2 > 0. Then choose 
a > sufficiently small so that l-<5-2C 4 a 2 > 0. Together with 2(| \ 2 + \ \oj 2 \ | 2 ) > ||cu|| 2 
this establishes property (4) for t > to if to > C 2 /C\ is chosen sufficiently large. 

Lemma 5.3. Let the q- forms u, u)\ and uj 2 be dehnd as above. Then there exists a 
constant C 4 > so that, for any a > 0, 

(A q ui,uj 2 } > -C 4 (l + a~ 2 )||u;|| 2 - C 4: a 2 (A q uj 2 , u 2 ) - C 4 a 2 (A q uJi, ui). 



Proof Write A q = d q -id*_ 1 +d*d q where d* q _ 1 = -(-l) dq Rd- q +idd- q R q , and * = R q 
denotes the Hodge * operator. Using that ui\ = xuj and u 2 = (1 — x)cu one obtains 

{A q ui,uj 2 ) = {du)i,duj 2 ) + {d * ui, d * U2) > A + B, 

where 
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A := (dx A u>, u(l - x)du>) + (dx A *u, u(l - x)d * u), 

B := -(xdoJ, udx Aw) - (xd * to, udx A 

where u is the characteristic function of M\suppx- 

In order to estimate the expressions A and B we introduce the constant 
C 5 := sup^^ |||.Kfc|||, where K k : L 2 (A fc (M; £)) -> L 2 (A fc+1 (M; £)) is the exterior 
multiplication by dx- Note that HI-K&IH = 1 11^111 where denotes the adjoint of K k . A 
straightforward calculation yields 

\A\ <CB|M|(||(l-x)dw|| + ||(l-x)d*w||) 
< C 5 ||o;||(||du;2|| + \ \dx A u>\ \ + \ \d * u; 2 || + IMx A *u;||) 

< CsllwlKHcL^H + ||d * W2II + 2C 5 ||a;||) 

< v / 2C 5 ||w||(A^ 2 ,c.;2) 1/2 + 2C 5 2 ||w|| 2 . 

Thus for any a > 

|A| < (2C 5 2 + C5«- 2 )||w|| 2 + a 2 (A g w 2 ,w 2 ). 

A similar computation leads to 

\B\ < (2Cl +C 5 a- 2 )\\u\\ 2 + a 2 (A q u 1 ,u 1 }. 

Choosing C4 appropriately leads to the claimed statement. <0> 

Proposition 5.2 yields, for t sufficiently large, a decomposition of (A 9 (M; £), d q {t)) 

(A«(M; 5), = (A«(M; £) sm , © (A«(M; £)i a , 

where A 9 (M;£) sm is the image (depending on t,) of Q(l,i), the spectral projection of 
Aq(t) corresponding to the interval (—00, 1], and A q (M;£)\ a denotes the orthogonal com- 
plement of A q (M; £) srn . Accordingly, one can decompose A q (t) = A g;Sm (t) + A qt \ a (t) where 
A q;Sul (t) denotes the restriction of A q (t) to A q (M; £) S m and, similarly, A q ^ a (t) denotes the 
restriction to A q (M;£)\ a . 

Now assume that (M, W) is of determinant class. Then, for t sufficiently large, 
logdetNAg(t), logdetNA g (t) sm , and logdetNA 9 (t) are all real numbers and, accordingly, we 
write 

logT an (t) = logT sm (t) + logT la (£). 

Let x = x q -j G Cr q (h). Choose e > and let {e q ,j,i} be the orthonormal basis of £ x as 
defined above. Define the A- linear maps J x (t) : £ x — > L 2 (A 9 (M;£)) by 

(5.20) J x (t) ^2 a * e 9>3,ij :=Y^ a i^x,i- 
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We point out that the ijj x /s, and thus J x (t), depend on the choice of e and notice that 
J x (t) is an ^4-linear isometry. Let J q (t) : X^xeCr (h) ^ — ¥ L2(A q (M;£)) be the sum 
Jq(t) '■= XlxeCr (/i) Jxif)- As the images of J x (t) have disjoint support, the map J q (t) is 
also an isometry. Recall that we have denoted by Q q (l,t) the spectral projector of A q (t) 
corresponding to the interval (—00, 1]. Introduce the map 

(5.21) H q (t) := (Q q (l,t)J q (t))*(Q q (l,t)J q (t)), 

where * denotes the adjoint of an operator. H q (t) is a selfadjoint, nonnegative, bounded, 
^l-linear operator on J2 x &Cr q (h) 

Proposition 5.4. For e > sufficiently small, there exists a constant c > so that 

(5.22) (Q q (l,t)J q (t)v - J q (t)v)(x) = O(e-iMI) 
uniformly in x G M and v G ^2 x€ cr q (h) ^ x an< ^ 

(5.23) H q (t) = Id + 0(e~ ct ). 

Observe that the composition Q q (l,i)J q {i)H q {i)~ 1 / 2 is an ^.-linear isometry from the 
^l-Hilbert module ExeCr,(h)^ to A 9 (M;£) sm . 

Proof We proceed as in [BZ, p. 128]. In view of Proposition 5.2, for t > to, Q q (l,t) is 
given by the Riesz projector 

(5.24) Q q (l, t ) = ±-j(\- A^y'dX 

where S 1 is the unit circle in C, centered at the origin. The operator Q q (l, t)J q (t) — J q (t) 
can therefore be represented by a Cauchy integral whose integrand is given by 

(5.25) (A - A g (t))- X J q (t) - X~ 1 J q (t) = A" X (A - A^t))' 1 A q (t) J q (t). 

By Proposition 5.2 there exists, for any Sobolev norm ||.|| r , a constant c r > so that 

(5.26) \\A q (t)J q (t)(v)\\ r = 0(e- c ^\\v\\), 

uniformly in v G ExeCr 9 (/*) E *- 

By proceeding as in [BZ, p 128-129] one can show that there exists C r so that for t 
sufficiently large and any X e S 1 

(5.27) |||(A-A,(*))- 1 )||| r ^ r <<7 r * r . 

Combining (5.26) and (5.27), one obtains, for d < c r , uniformly for y G M and v G 

(5.28) \\(X-A q (t))- 1 A q {t)J q {t)v\\ r = 0(e- c ' t )\\v\\. 
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Choose r > d/2 and use the Sobolev embedding theorem to obtain (5.22) from (5.24), 
(5.25) and (5.28). (5.23) follows immediately from (5.22). 

Let us now consider the cochain complex C(M, r, O^, W), which has been introduced in 
section 4. Define E q .j yi e C q for 1 < j < m q and 1 < i < I by 

(5.29) E q;jii (x q;r ) = 

We see that E q .j yi is bounded as follows: Assume that W is a free ^.-Hilbert module of 
finite type with an ortho normal basis v\,...,vi and / : W — > W is a bounded, ^4-linear 
map. Then 

i]/ii<i l/2 sup{ii/(^)ii,i<^<a<^ 1/2 n/ii- 

With respect to this basis the differential 5 q can be written as 

(5.30) d q (E q;jji ) = ^2 1q;ji,j'i' E q;j',i' 

l<j'<m q+1 ,l<i'<l 

Denote by Q q the .A-Hilbert module (which depends on t) generated by J q (t)(e q -j yi ) 
with 1 < j < m q , 1 < i < I; this is Wi(t) introduced in Proposition 5.2. Recall that, given 
two closed subspaces W\ and W 2 , of a Hilbert space, the semi-distance between them is 
defined by sdist(W 1 ,W 2 ) := \ \\Prj Wl - Prj Wz ■ Prj Wl \\\ = \\\Prj Wl - Prj Wl ■ Prj W2 \\\, 
where Prjwi denotes the orthogonal projector on the subspace W{. Following Helffer and 
Sjostrand [HS1] (p 262) we write A(t) = 0(e~ tc ) for a quantity A(t) depending on the 
choice of the e— dependent collection (U x ) x€ cr(h) °f H-neighborhoods, if for any 5 > 
there exists e$ > so that, for any collection (U x ) x€ cr(h) °f H-neighborhoods with e < eg, 
A(t) =0(e-*( c -< 5 )). 

Proposition 5.5. sdist(Q q , A 9 (M; £) sm ) = ^(e - * 5,9 ) w/iere 5^ = inf X)?/e cr< ; (h) J/)- 

Here dA{x,y) denotes the Agmon distance associated to (M,g,h) as defined in [HS1]. 
Proposition 5.5 is a generalization of Proposition (1.7) of [HS1] or Theorem (8.15) of [BZ] 
and can be proved in the same way as in [HS1] once one generalizes Proposition 2.5 in 
[HS2] as follows 

Proposition 5.6. Let JC be an A-Hilbert module and K! an A— Hilbert submodule of /C 
with orthonormal basis ipi, ipN- Suppose that for any a,b e A, (aipi, bifjj) = (a, b)5{j. Let 
f : K, — > K be a selfadjoint, nonnegative, A-linear operator with (a,/3) fl spec(/) = for 
some real numbers a and (3, where < a < (3. Suppose that f(ipi) = ^iifji+ri where G /C 
with \\ri\\ < e and Hi are real numbers satisfying < [ii < a. Let /C sm denote the range 
of the spectral projection of f associated to the interval [0, a] . Then /C sm is an A-Hilbert 
module and 

N 1 / 2 e 

sdistiJC ,/C sm ) < . 

p — a 
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ifj' 



if f ? J- 



Proof Write (/ — = — X)ipi +ri and note that for A G C\(spec/ U {/Ji, //at}) 

(/ - A)" 1 ^ = (fM ~ A)" 1 ^ - (JH - - A)" 1 ^. 

Denote by 7^ the oriented boundary of [—(/? — a)/2, (/3 + a)/2] x i[— R, R] and by P^y the 
orthogonal projection on KJ . Applying Cauchy's formula one obtains 

- iM = J " A) _1 (/ - A)-V^A. 

Letting R — > 00, the above integral becomes 

^- / - A)- x (/ - A)-V^A - — / - A) _1 (/ - A)-V^A 

Z7TZ J-(/3-a)/2-ioo Zm J (a+0) /2-ioo 

For A = —(/? + a)/2 + z'£, or A = (a + /3)/2 + zt, with —00 < t < 00, one obtains 

||(^-A)- 1 (/-A)- 1 r l ||< 



(J3 -a) 2 /4 + t 2 ' 



Hence 



Let 



e f 

\PlC sm ^i ~ V>i|| < ^ J — rSrn , ,9 = 77^~- 



dt 

(/3-o)V4 + t 2 



a g (£) := sup{0,spec(Q 9 (l,t)A (Z (t))}; 

:= inf{l + spec ((Id - Q q (l, t))A q (t))} - 1. 

Theorem 5.7. ("[HS1],[BZ]; 

(%) For rj — > 00, ttq(t) — > and /3 9 (£) — > 00. 

flJj There exists a constant t\ so that for t > t\ the elements 

(5.31) ip^t) = Q q (l, t)J q {t)H q {t)- l /\e q , hi ) 

form an orthonormal basis for A q (M;S) sm . Hence A q (M; £) sm is a free A—Hilbert module 
of rank I x #Cr ? (/i). 

(3) There exist 77 > and C > such that for t sufficiently large, 1 < r < I, 

SUp || ip q -j y r || < Ce _??t . 



(^j Let denote the unstable manifold with respect to the flow corresponding to grad g h 
at the critical point x q -j of h. Choose a system of H-neighborhoods (U x .) so that U x . fl 
W~j, = for f 7^ j. When expressed in local coordinates on U Xq .. fl W~j the q-forms 
<fi q -j,i(t) satisfy the following estimate: 



<p q;jti (t) = it/4) W^e-^/^dx! A ... A dx q ® e t + O^" 1 )). 
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(5) Representing d q (t) with respect to this basis 

dq(t)<p q ;j,i(t) = Vq-,ji,j'i'(t)<Pq-,j',i'(t) 
l<j'<m q+1 ,l<i'<l 

the coefficients rfq-jijui satisfy 

Vrtij'A*) = e _t («A) 1/2 (7wij'i' + 0(r 1/2 )). 

Proof Statement (1) follows from Proposition 5.2. Concerning statement (2), note that 
the A— Hilbert module W\ of finite type as defined in the proof of Proposition 5.2 is free, 
of rank / x #Cr q (h) and contained in A 9 (M;£) sm . Therefore, should W\ be not equal to 
A q (M;£) sm one could conclude that A q (M;S) sm fl W 2 ^ {0}, where W 2 is the orthogonal 
complement of W\ as defined in the proof of Proposition 5.2. In view of Proposition 5.2 
this is, however, not possible. To verify the estimates (3), (4) and (5) one follows the 
arguments in [HSl] (Proposition 1.7, Theorem 2.5 and Proposition 3.3) or [BZ] (Theorem 
8.15, Theorem 8.27,Theorem 8.30). 

We need an application of the above results (cf [BZ]): 
Corollary 5.8. 

/ / \ (d-2«)/4 

Jn^)(e% a - r (t)) = [-) e qt (E q]j , r + O^" 1 )). 



Proof We must show that for any cell W j, 

f x (d-2«)/4 



/ 



<P q -,jAt)e ht = {-) '"'^r'r.j-r + 0(t~ 1 )). 



First, note that, due to Theorem 5.7 and to the choice of U q j>, it suffices to consider the 
case where j = j'. Moreover, it suffices to estimate 



/ 



<P q;J At)e ht . 



Note that on W ■ fl U q j, the function e ht is of the form 



q;j "^QJ 

C" = C' 1 ' < 

By Theorem 5.7, we conclude that 

d/4 



ht p qt p -t(J2lx 2 k )/2 



[ 4> q »At)e ht =(-) ^ I e- t Z>l(dx 1 A...Ax q e q . J , r + 0(t- 1 )) 

( t \ d/4 ( t \ ~ q/2 
= *«{-) {-) fe- r + 0(r 1 )). 



Finally we state and prove Proposition 2, which is a generalized version of Proposition 
1, mentioned in the introduction, and which is due to Gromov-Shubin (cf also [Ef]). 
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Proposition 2. f [Ef],[GS]^ Let W be an A- Hilbert module of finite type, not necessarily 
free. Then the following statements are true: 

(1) Suppose g is a Riemannian metric and r = (h,g') is a generalized triangulation 
of M. Then the system (M, g, W) is of a — determinant class iff (M, r, W) is of 
c — determinant class. 

(2) If Mi and M 2 are two homotopy equivalent connected manifolds and T\ and t 2 
are generalized triangulations of Mi, respectively M2, then (Mi,ti,W) is of c — 
determinant class iff (M 2 , t 2 , W) is of c — determinant class. 

Proof (1) Results of Novikov-Shubin ([NS1,2]) imply that (M, g, W) is of a— determinant 
class iff (M, g', W) is. Since, for fixed t, multiplication by e th provides a bounded isomor- 
phism of L 2 (A*(M;£)) — > L 2 (A.*(M;£)) which intertwines dk(t) with <i fc it follows from 
results of Gromov-Shubin ([GS]) that (M, g' ', W) is of a — determiant class 

/ logAdJV Afc(t) (A) > -00 

for all values of t. By Theorem 5.7 and Corollary 5.8 this is equivalent to saying that 
(A fe (M; £) sm , dk(t)) and (A fe (M; £) sm , dk(t)) are of determinant class where 
:=e*(^) = rdk(t). Notice that 

/ fc (t):A fc (M;^) sm ^C fc , 

defined by 

/*(*)=((j)^e-**) 

establishes an isomorphism between (A fc (M; £^) sm , dkit)) and C fc and therefore, by Propo- 
sition 1.18, one concludes that (M,g',W) is of a — determinant class iff (M,t,W) is of 
c — determinant class. Statement (2) is a direct consequence of Proposition 1.18. 
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6.1 Asymptotic expansion of Witten's deformation of the analytic torsion. 

Let (M,g) be a Riemannian manifold with fundamental group V = tt\{M) and h : 
M — > R a Morse function so that r = (h, g) is a generalised triangulation. Let A be a 
finite von Neumann algebra and W an (.4., r op )-Hilbert module of finite type. The canonical 
bundle p : £ — > M associated to W is equipped with a canonical flat connection which 
in turn induces (via parallel transport) a Hermitian structure fx on £ — ► M. Throughout 
this subsection we assume that (M, W) is of determinant class. 

Definition. A function a : R — > R is said to have an asymptotic expansion for t — > oo 
if there exists a sequence i\ > Z2 > • • • > iN = and constants (ak)i<k<N > (bk)i<k<N 
such that 

N N 

(6.1) a(t) =^a fc f fe +^M ife logt + o(l). 

l l 



For convenience we denote by FT(a(£)) the coefficient a at in the asymptotic expansion 
of a(t) corresponding to t°. 

Denote by f3 q the Betti numbers and by x(M, r) = l) 9 ^ the Euler-Poincare 

characteristic of the cochain complex C(M, r, £\). 

Recall that in section 5 we introduced T an (h, t), T sm (h, t) and T\ & (h, t) and in section 4 
we introduced Tr^t), T com b(r) and T me t(T). In this section we prove the following 

Theorem A. Let (M, g) be a closed Riemannian manifold of odd dimension, W an 
(A, T op )- Hilbert module of finite type with I = dimNW and h : M — > R a Morse func- 
tion. Assume that (M, W) is of determinant class and that t = (h,g) is a generalized 
triangulation. Then the following statements are true: 

(1) The functions logT an (/i, t), logT sm (/i,t) and log T\ a (h, t) admit asymptotic expan- 
sions for t — > oo. 

(2) The asymptotic expansion of logT an (/i,t) is of the form 

(6.2) logT an (M) = log T an (h,0) - log T met (r) + 



(3) XTie asymptotic expansion of log T sin (h,t) is of the form 
(6.3) 

logT comb (r) + ^ ^(-l)« +1 (g/3 9 -gm,oj (2t - logt + log tt) + o(l). 
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As argued in Introduction it suffices to prove the statements for W a free ^4-module. 
We begin by deriving an alternative formula for the analytic torsion (cf [RS] ,[Ch] and 
[BFK1]). The space of (/-forms can be decomposed into orthogonal subspaces: 

(6.4) A q (M; £) =A+' 9 (M; £) © A t "' 9 (M; £) © H q t 
where 

(6.5) A+' q (M;£) =closure(d q _ 1 (t)A q - 1 (M; £)); 

(6.6) A~' q (M;£) =closure(d q {t)*A q+1 (M-£))- 

(6.7) H q ={uj G A q (M; £);A q (t)u = 0}. 

Note that the spaces A^' 9 (M; £) are invariant with respect to the Laplacian A q {t). Denote 
by Af(t) the restriction of A q (t) toAf ,q (M;£) which are given by A+(t) = dq_i(t)d g _i(t)* 
and A~(t) = d q (t)*d q (t). The operator d q (t) maps the space A~[ ,q (M ; £) injectively onto a 
dense subspace of Af ,q+1 (M;£) and it intertwines A~(t) and A^ +1 (t). As a consequence, 
dqit) intertwines the spectral projectors Q~(X,t) and Q^ +1 (X,t), 

(6.8) d q (t)Q-(X,t) =Q+ +l (X,t)d q (t). 
This implies 

N~(X,t) =tr N (Q"(A,t)) 

(6.9) =tr N (Q+ +1 (X,t)) = N+ +1 (X,t). 

Note that both A+(t) and A~(t) are of determinant class i.e J* 0+ log AdA^A) > — oo, e = 
+, — . Using the heat kernel representation of the zeta function we obtain (cf [Lo]): 

(6.10.A) ^tr N (e-^W) =^°° ^tr N (e-^+iW) 

and for 5fe sufficiently large, 
(6.10.B) 

w)I! dxx " HiK ( e ^" ) ) =w) I! dxx " Hi1 ' ( e " ia,++,(,) ) • 

Formulas (6.10) are now used to write 
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(6.11) logT an (M) =i^(-l)«logdet JV A-(t) 

1 d 

-^-l^logdeWA+^t). 



g=0 
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Our first goal is to compute the variation ^ log T an (/i, t) of log T aD (h, t). For this purpose, 
we again use the heat kernel representation of the zeta function and write (cf [Lo]) 



(6.12) logdet^A+(t) = - ^ 



s 
oo 



i 



i 



xA+(t) 



-tr N ( e ^ 

x 



j dx. 



To analyze the t-dependence of logdet Ar A+(t) we treat the two terms on the right hand 
side of (6.12) seperately. To illustrate the new difficulties which arise (as compared with 
the classical situation) we point out that the differentiability of x~ 1 tr^e~ xA t ^ dx with 
respect to t is far from being obvious. 

We begin by computing ^(tr N e" xA ^ (t) ) and note that A+ (t) : Ap q (M;£) -> Ap q (M;£) 
where the space Ap q (M;£) = d q - 1 (t)A q - 1 (M; £) = e- th A+> q (M; £) depends on t. It is 
therefore convenient to introduce A+(£) = e th A+(t)e~ th : A+' q (M;£) — ► A+> q (M;£) 
which is isospectral with A+(t). Hence, tr^e~ xA ^ tS) = tr^e~ xA ^ ^ . Now one computes 
-^tr^e~ xA ^^ using Duhamel's principle and the identity A q (t) = e 2th (d q -id*_ 1 + 2tdh A 



dt 



|( trN e-^<0)=-, trN (|(Af( ( )e-^(.))) 
=tr N (2% -xA£(t)]e- xA i® 



- 2xtr N [e 2th dh A d^e" 2 "^-^ 
where [A, B] denotes the commutator of the two operators A and B. Therefore 

tr N (2[h,-xA+(t)]e- xA t^ =0. 

Using that e th d* q _ x e~ th = d q _±{t)* and that e - th e - xA t (t) e th _ e -xA+(t) we obtain 
j (tr N {e- xA t^Yj = - 2xtr N (dh A d^t)* e~ xA t ^ . 

Further observe that, despite the fact that d q (t) : A+' 9 (M;£) — ► A^' q+1 (M;£) is 
not invertible (it might not be onto) we can form 

d q ^(ty =d q - 1 (t)- 1 d q - 1 (t)d q _ 1 (ty = ^_ 1 (t)- 1 A+(t) 

where the domain of definition of <i g _i(t) _1 is the range of d q -i(t). We note that 
dh A d g _ 1 (£)- 1 A+(t) =(eZ,_i(t)Hz-i(*) _1 - h)A+(t). 
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This leads to the following formula 

j t (tr N (e-^W)) =-2xtr N (d ff _ 1 (f)M g _ 1 (f)- 1 A+ (f) e -**J <*>) 

+ 2xtr N (/lA+^e-^W) . 

Next we observe that 

2xtr N (/lAj(t)e-^W) = - 2x^ (tr N {he~ xA t^ 

and that 

tr N (d g _ 1 (t)^d g _ 1 (t)- 1 A+(t) e - a!A ^ t )) =tr N (^_ 1 (t)- 1 A+(t)e- !BA ^*)^_i(t)) 

=tr N (ftA-^^e-^'-iW) 

= -s( t -( te " ia «-' (,) ))- 

We have therefore proved that 



This leads to 

d 



A ( trN (^w)) 

(6.13) =x|- l£(-l)«tr„ (Ae- a «<'>(Id-Q,(0,i))) 



2 ^-^ (it V V 77 ^— ; <ix 

9=0 5=0 

d 

a 

x 

q=0 

d 



.9=0 



The above formula is used to prove that — J2 q (— l) 9+1 trN xA l (*) j dx has a con- 

tinuous derivative with respect to t. 

By the Leibniz rule for improper integrals, it suffices to verify that 
f(x,t) = -^Eg(-!) 9+ltr N (V xA ^ (t) ) and %(x,t) are both continuous and the inte- 
grals f(x, t)dx and ^(x, t)dx both converge uniformly with respect to t (t varying 
in a compact interval). Clearly f(x,t) is continuous and, by the above formula, 

9f (X ' t] = ~1 E^ 1 )^ (he- xA « (t) (Id - 3,(0, t)j) . 



dt dx 

9=0 



The uniform convergence of the integrals § x f(x,t)dx and f x -^(x,t)dx follows from 
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Lemma 6.1. Let I be an arbitrary compact interval contained in [0, oo). Then 

(1) lim x >oc J* ^tr-^(e~ xA ^ ^)dx converges uniformly for t & I. 

(2) lim x — >oc ^{x,t)dx converges uniformly for t G /. 

Proof (1) Note that the integrand ^trN (^e~ xA t^ j is positive. Therefore 

/oo I poo poo -i 

-tr N [e- xA t^jdx = J dN A + {t) (fi) J -e'^dx 

_ i 

/•oo — (j,u pu 2" / />oo \ 

</ i dN At(t)(»)—+ dN At(t) (») log(He _MU + / e-logsds 

</li ^ A*" ./0 + V «//LtU / 

1 _ 1 

< — — / dN A + (t) (n) + C / dN A + (t) (») 

where C > is a bound for the function log (fiu)e~^ u + f u e _s (log s)ds for \x in the interval 
[0, 1]. Statement (1) follows from (6.14) for u — > oo and from the fact that N A +^(fi) is 
right continuous with respect to fj,, uniformly in t for t in /. 

(2) From (6.13), £ %(x,t) = - E^-l^rN^e" 3 ^ (Id - Q q (0, t)))ft. Therefore 
it suffices to prove that, for < q < d and uniformly for t in /, 

(6.15) lim tr N (he- xA " {t) (Id-QJ0,t))) =0. 

x >oo V / 

This can be seen as follows: 

|tr N (he- xA *& (Id - Q q (0, £))) | < II^IUoo J™ e- xX dN q (X, t) 




poo 

K dN q (X,t) + / i e- xX dN q {X,t) 

< \\h\\ L ~ ((N q (x-t,t) - N q (0, t)) + e~ xh J™ dN q {\ t) 

and (6.15) follows from the fact that N q (X,t) is right continuous with respect to fj,, uni- 
formly for t in /. 

We have shown that — ^\ J2 q (~ l) 9+1 trN (er xA t^ j dx has a continuous derivative 
with respect to t : 

("«> i(-r^E(-^N(e--^»)^) 

d 

= ^(-l) 9 tr N (he- xA ^(Id-Q q (0,t))) .0 



q=0 
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We now analyze the t-derivative of £| s =0rfe) Jo* ^ s_1 | ^(-^^^^(e"^^)^. 
For > |, we integrate by parts in (6.12) to obtain 

° A t<tA dx 



d I 1 

dt 



1 Z" 1 „ d 



x s 



r(s) Jo ^ 



J](-l) 9 tr N (/ie- xA 'W(W-Q 9 (0,t)))^ 



v 9 =0 



E(- 1 ) 9tr N (^" A * (t) (w - Q«(o, *))) 

^ ' g=0 



+ fj) jf xS_1 ^ EC- 1 ) 9 ^^-^^ (W - Q ff (0, f )))cfc. 



The last two functions both have a meromorphic extension to the s-plane which is regular 
at s = 0. With = r ( s +i) and T(l) = 1, we obtain 

(6.17) 



d i 


< _d 




dt \ 


i ds 


Uo r(,)/ 



d 

= - ^(-l) 9 tr N (he- A « W (Id - Q 9 (0, 0)) 
g =o 

+ F.p. s=0 ^r /' X s - 1 ^(-l) 9 tr N (fce-* A «W(H - Q,(0, f))) cfa. 

1 W J ° g=0 V 7 

Combing (6.16) and (6.17) we conclude that logT an (/i, t) is continuous and has a continuous 
derivative with respect to t. Moreover, 



(6.18) 

d_ 

dt 



logT an (/i,t)=F.p. s=0 -— / ^-^(-^^(he-^Hld-Q^t^dx. 

L W J ° q=0 V 7 

Next, tr N (he- xA *W (Id -Q q (0,t))) = tr N [he~ xA t^ - tr N (hQ q (0,t)) . Further, 

I /* ^ 1 

F -P- s =o^7T / ^ _1 ^ = F.p. s=0 - 



T(a) Jo ^ s = u r( S + l) S 

and the heat kernel expansion for the Schwartz kernel K q (y,y',x,t) of e~ xAq ^' on the 
diagonal y = y' is of the form 

AT-l 

(6.19) K q (y, y', x,t) = J2 ^lj(y, t) + 0(x^,t) 



3-d 
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where lj(y, t) are densities defined on M with values in B. By a standard parity argument 
one concludes that ld(-,t) = and argues as in the classical case to conclude that 

(6.20) F.p. s=0 -i- ^s-^i-iytMhe-^Kld - Q q (0,t)))dx 

d d 

= ^(-l)^ +1 tr N (/iQ g (0, t)) = J2(-l) q+1 tr N (3,(0, t)hQ q (0, t)) . 

q=0 q = 

We have proved the following 

Proposition 6.2. ± logT an (/i, t) = Yf q=Q {-l) q+1 t^ (Q q (0, t)hQ q (0, t)) . 

Next, we express the terms trN (Q q (0, t)hQ q (0, t)) in a more explicit way. It is convenient 
to introduce P q (t) = Q q {0,t). Consider K q (t) : H q t (M;£) — ► H q (M;£) defined by 

(6.21) K q {t){u) :=P q (0)e th oj. 

Using the decomposition (w G H q (M;£)) e~ th u = e~ th uj + (t) + u (t) G A+' 9 (M;£) © 
H q t (M;£) where u+(t) G A+' g (M;£) and u (t) G H q (M;£), one verifies that P q {t)e~ th 
is the right inverse of K q (t). Therefore, K q {t) is an isomorphism. This implies that 
Kq(t) = (Kq(t)Kq(t)*)^ * s a selfadjoint, positive, ^4-linear operator on H q (M;£) and 
thus admits a determinant with det NK'(t) > 0. Note that K q (t)* is given by P q {t)e th and 
thus K q (t)K q (t)* can be written as 

(6.22) K q {t)K q {t)* =P q (0)e th P q (t)e th P q (0). 



Lemma 6.3. tr N (P q (t)hP q {t)) = £ t logdet N (K q (t)K q (t)*)% . 

Proof Using Proposition 1.9 we note that 
(6.23) 

j t logdet N (K q (t)Kq(tr)^ =lj t logdet N (K q (t)K q (t)*) 

Using (6.22) and writing P q (t) = -^P q (t), we obtain 

j t (K q (t)K q {ty) =P q (0)he th P q (t)e th P q (0) + P q (0)e th P q (t)e th P q (0) + 

(6.24) +P q (0)e th P q (t)he th P q (0). 
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To compute P q {t) = f t (P q {t) 2 ) = P q (t)P q (t) + P q {t)P q {t) we consider the orthogonal 
decomposition A q (M; £) = H q {M; £)©A+' g (M; £)®A' t ~ ,q (M; £). An element u G h q (M-£) 
can be uniquely written as 

(6.25) u =u Q (t) + e~ th uj + (t) + e th u_(t) 
where u±(t) G A ± ' q (M;£) and u (t) = P q (t)u(t). We conclude that 

= ^-uj =d> (t) + e~ th dj+(t) + e th u-(t) 

(6.26) - he~ th u + (£) + he th u_ (£) . 

Note that u±(t) G A±'«(M;£) and therefore e- th u+(t) G A+' 9 (M;£) and e th U-(t) G 
A t ~' g (M;£). Applying P q (t) to (6.26) leads to 

=P q (t)u (t) - P q (t)he- th u+(t) + P q (t)he th u-(t). 

Denoting by P^(t) the orthogonal projectors A 9 (M; £) — > A^' 9 (M; £) we therefore obtain 

(6.27) P&)P&) =P q (t)hP+(t) - P q (t)hP q (t). 

Observe that the projectors P q (t) and therefore P q (t) are selfadjoint to conclude that 

(6.28) P q (t)P q (t) =P q + (t)hP q (t) - P q (t)hP q (t). 
Combining (6.27) and (6.28) we obtain 

P q {t) =P q (t)P q (t) + P q (t)P q (t) 

(6.29) =P q (t)hP+(t) + P+(t)hP q (t) - P q (t)hP q (t) - P q (t)hP q (t). 

We apply formula (6.29) to rewrite (6.24), 

P q (0)e th P q (t)e th P q (0) =P q (0)e th P q (t)hP+(t)e th P q (0) + P q (0)e th P+(t)hP q (t)e th P q (0) 

(6.30) - P q (0)e th P q (t)hP q (t)e th P q (0) - P q (0)e th P q (t)hP q (t)e th P q (0). 

To simplify (6.30), notice that d q (t)* = e th d* q e~ th and therefore e th H q (M; £) C H q t (M- S)@ 
At ,q (M;£) which implies that P+ (t)e th P q (0) = 0. Taking the adjoint, we conclude that 
P q (0)e th Pj~(t) = 0. Thus, the first two terms on the right hand side of (6.30) are zero. 
Moreover p-(t)e th P q (0) = (Id - P q (t))e th P q (0) as well as P q (0)e th P q (t) = P q (0)e th (ld - 
P q (t)). Applying these considerations to (6.24) yields 



-(K q (t)K q (t)*) =P q (0)he th P q (t)e th P q (0) - P q (0)e th P q (t)h(ld - P q (t))e th P q (0) 



d 

~df 

+ P q (0)e th P q (t)he th P q (0) - P q (0)e th (ld - P q (t))hP q (t)e th P q (0) 
=2P q (0)e th P q (t)hP q (t)e th P q (0) 

(6.31) =2K q (t)P q (t)hP q (t)K q (t)*. 
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Substituting (6.31) into (6.23) leads to 

j\ogdet N {K q {f)K q (f)^ ^{KS^^hPS^M^KS)^)*)- 1 ) 

=tT^{K q {t)P q it)hP q it)K q it)~ X ) 

=tT N (P q (t)hP q (t)) 

which concludes the proof of the lemma. <C> 

Using that K q (0) = Id and therefore that detN(K q (0)K q (0)*) 3 = 1, Proposition 6.2 
together with Lemma 6.3 lead to 

logT an (M)=logT an (M) + V(-l) 9+1 / ^-logdet N (K q (t)K q (ty^dt 

q =o Jo dt 

d 

(6.32) =lo g T an (/i,0)+^(-l) g+1 logdet Ar (K (? (t)K g (t)*)i. 

q=0 

In section 4.1 we introduced the ^4-linear isomorphisms 

6 q : NullA™ mb — > H q (M;£) 
and the metric part of the Reidemeister torsion T met (r) defined by 

d 

2 



1 d 

log T met (M,^W,r) = -^(-l^logdet^^). 



g=0 



By applying the analysis of the Witten deformation of the deRham complex by Helffer- 
Sjostrand (cf section 5) we obtain 

Lemma 6.4. For t sufficiently large, the following statements hold: 



\ogdet N (K q (t)K q (tyy 2 =logdet jv (0*0,)* 

(6.33) + q(3 q t + (3 q (^-^j log (£j + Oit- 1 ) 

and 

d d 
J2(-V q+1 \ogdet N (K q (t)K q (ty^ = - logT met (M,g,W,r) + J2(-^) q+1 Q^t 

q=0 q=0 

(6.34) + log (I) + 0(t~ l ) 



<l= 
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Proof Summing with respect to q, statement (6.34) follows directly from statement 
(6.33) and the definition logT met (M, g, W, r) = \ Eg=o(- 1 ) <?lo g det iv(^^)- T o prove 
(6.33) we use Stokes' theorem to write 

K q {t) =e q K' q 

where K' q (t) = n q K q (t)I q (t), the map n q : C q — ► NullA^ omb denotes orthogonal projec- 
tion, I q (t) : TCf(M;£) — > A q (M;£) sm denotes inclusion and 

K' q \t) : A q (M;S) sm — C\ u{t) — Int^\e th u{t)). 

Note that 
(6.35) 

logdet N (K q (t)K q (ty^ =]o8tet N (6* q e q )t + ^logdet N (K' q (t)K q (ty). 



To compute logdet N (K' q (t)K' q (t)*) introduce the scaled version of K q (t), 

(6.36) K»\t):=Q)^ e~*K»{t) 

Then, with K' q "'{t) := TT q {t)K' q " {t)I q {t), 
(6.37) 



\ogdet N (K' q (t)K q (t)*) =(3 q ^-^ i og (Vj + p q2qt + \ogdet N (K q "'(t)K q "'(t)*). 

In view of Corollary 5.8, we can apply Proposition 1.17 to the map K q "(t) and therefore 
obtain 

(6.38) ]ogfa N (K™(t)K™(t)*) ^(t- 1 ). 

Formula (6.33) now follows from (6.35), (6.37) and (6.38). 
Lemma 6.5. For t — > oo, 

logT sm (/i,£) = log T comb (r) 

Proof Recall that log T sm (/i, i) is a real number defined by 
(6.46) logT sm (M) =^ ^(-l) 9+1 ?logdet N A g (t) sm j 
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and that, for any < C < oo, 



logdet N A ? (t) sm = 



d_ 

ds 



(6.47) 



where /3, = dim N NullA^ omb = dim N NullA 9 (t). In view of Theorem 5.4, (5), introduce 
A g (t) sm := je 2t A q (t) sm . By a change of variable of integration, y = ^e~ 2t x, we obtain 

L„ I (*» ( e " ia ' <1,ra ) - «-) f (*« («-*•«-) - ft) 



oo / />oo 



0+ 



1 



c 1/ 



A,(t) 8 



00 



y (y c -»^ ilW j* 



where .F-r ,.n has been introduced in (1.9) and the last equality follows from integration 
by parts. From Theorem 5.7,(5) and Proposition 1.18 we conclude that there exists to > 
such that, for t > to and < q < d, Fi. (a) < F A comb(10u). For t > t and < q < d, 
the above computations lead to 

(6.48) 

/ :„"K(^^)-"^/;?s(^ fc )-^- 

° i 10 

Taking into account that (M, W) is of determinant class, one can choose C > such that 

(6.4 9 ) y; f ( tIN - ft ) <«. 

10 

Therefore, for alH > to, < g < Z, it suffices to consider 



(6.50) 



d_ 
~d~s 



1 



? =o r ( s ) Vo 



x 



(tr N ( e -^(*)-)-/5^ 



By Theorem 5.7, A q (t) sm , when expressed in convenient coordinates, is of the form 
^e~ 2t (A q omh + 0(t~^)). By a change of variable of integration, y = j^e~ 2t x, the expression 
(6.50) can be written as a sum of two terms, I q + II q , where 

7, = -(log7r-logt + 2t)m,( S )| s=0 



II =- — 

ds 



III q {s) 



s=0 
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and 



III q (s) = 



c 



dy 



rOO Jo y 



—V tr N e 



We first evaluate III q (s) at s = 0. Use = r( s +i) anc ^ integrate by parts to obtain, for 
arbitrary 5 > 0, 



1 



=tr N f e 



cfy— (y s ) tr N e"^ 



_ 2/(A comb +0(t - 5)) 



s=0 



-j(A; mb +o(("5)) 



(6.51) 



y dytr N ^ 



comb , ^^-i^„-y(A;= omb +0(t-3z)) 



+ / dytv N (A c g omb + 0(t-^))e 



Taking the limit as 5 — > in (6.51) leads to 
(6.52) III q (s)\ s=0 =m q l-(3 q . 
To compute II q = — Q III q (s) recall that 

1 



, comb 



d_ 



o r ( s ) Jo y 



logdet N A g 
and use the estimate (0 < j/ < C) 



f^*M^ b) H«) 



-y(Ar b ) 



-a) 



(6.53) 



tr N e 



^ e -y(A- mb )j _ trN ^ e - y (A- mb +0(t-5))^ 



<yO t"2 



to conclude, together with (6.49) that 



(6.54) 



\ll q - logdet N A c g omb | <e + O (H) . 



Combining (6.46)-(6.48) and (6.52)-(6.54) we conclude that for given e > 0, there exists 
t e > so that for all t > t e , 



1 d t 
log T sm (M) - log T comb (r) - - V(-l) g+1 ? (/? g -m g /)(2t-log-) 

2 * — * 7T 



<7=0 



<3e. 



Proof of Theorem A First note that logT\ a (h, t) = logT an (/i, t) — logT sm (/i, £). Therefore the 
asymptotic expansion of \ogT\ & (h,t) is obtained from the expansions of \ogT &n (h,t) and 
logT sm (/i, t). The asymptotic expansion for logT an (/i, £) follows from (6.32) and Lemma 6.4 
together with the fact that, since d is odd, %(M, r) = J2 q=0 (—^) q /3q = 0. The asymptotic 
expansion for logT sm (/i,t) is contained in Lemma 6.5. 
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6.2 Comparison theorem for Witten's deformation of the analytic torsion. 



The family of operators A q (t) is a family with parameter of order 2 and weight 1 (cf 
[Shi] and section 3). The family A q (t) fails to be elliptic with parameter precisely at 
the critical points of the Morse function h. We can therefore use the Mayer-Vietoris type 
formula for determinants (cf section 3) to localize the failure of the family A q (t) to be 
elliptic with parameter and to obtain a relative result which compares the asymptotic 
expansions of Witten's deformation of the analytic torsion corresponding to two different 
systems (M d , h, g, W) and (M' d , h' , g' , W) where the manifolds M and M' have the same 
fundamental group Y and (h,g) and (h',g') are generalized triangulations. 

Theorem B. Let d be odd. Suppose that r = (h, g) and r' = (h',g') are generalized 
triangulations with #Cr q (h) = #Cr g (/i'), (0 < q < d), and that (M, W) and (M',W) are 
of determinant class. Then the following statements hold: 

(1) The free term FT(logTi a (/t, t) — log T\ & (h' , £)) of the asymptotic expansion of 
logTi a (/i,t) - log Ti a (//,£) is given by 

(6.55) FT(logT la (/i, t) - logTia(V, t)) 

= / ao(/i, e = 0)— / ao(/i',e = 0) 

JM\Cr(h) JM'\Cr(h') 

where the densities ao(h, e = 0) and ao(h', e = 0) are smooth forms of degree d and 
are given by explicit local formulas and the difference appearing in the right hand 
side of (6.55) is taken in the sense explained in the remark below, (6.56). 

(2) Due to the assumption that d is odd, 

ao(h, e = 0, x) + ao(d — h, e = 0, x) =0. 



Remark The integral J M \ Cr ^ ao(h, e = 0) need not be convergent and the difference 
on the right hand side of (6.55) should be understood in the following sense: In view of 
the definition of a generalized triangulation, there exist neighborhoods V of Cr(h) and V 
of Cr(h') and a smooth bundle isomorphism F : £\ v — > t so that / and F intertwine 
the functions h and h', the metrics g and g' and the Laplace operators A q and A^. Define 

(6.56) / a o (h,e = 0)- a o (h',e = 0) 

JM\Cr(h) JM'\Cr(h') 

= [ a o (h,e = 0)- [ a o (h',e = 0). 
Jm\v Jm'\v 

Clearly, the definition is independent of the choice of V and V . 

As an application of Theorem A and Theorem B we obtain the following result: 
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Corollary C. Let M and M' be two closed manifolds with the same fundamental group 
and the same dimension d and let W be an (A, F op )- Hilbert module of finite type. Sup- 
pose that r = (h,g) and t' = ih'.g') are generalized triangulations with #Cr q (h) = 
#Cr g (/i'), (0 < q < <i), and that (M, W) and (M',W) are of determinant class. Let 
U n = T an (M', </, W) and T Re = T Re (M', r', W). Then 

logT an - logT an = log T Re (r) - log T Re (r'). 



Let (M, r = (h, g)) be a manifold equipped with a generalized triangulation. 

Let x q .j G Cr q (h) be a critical point of h of index q and U q j a system of H- neighbour hoods 
of x q -j (cf Definition 5.1). Introduce the manifolds 



Mj := M\ U qtj U' qj ; M n := U q ,jU' qj , 



where U' j is defined as in Definition 5.1. Both manifolds Mj and M/j have the same 



boundary, given by a disjoint union of spheres of dimension d — 1. 

Fix e > and consider the operator A q (t) + e. Its symbol with respect to arbitrary 
coordinates (cp, ip) of (M, £ — > M) is of the form 

(6.57) a 2 {x,£) +t 2 \\Vh\\ 2 + a 1 {x,t) +tL(x) + e 

where aj : B 2a x R d — > -EW(A g (R d ) ® W) (z = 1,2) are homogeneous of degree i in £, 
where ||V/i|| 2 : B 2a ^ R is given by 

nv.ii 2 = £ 

l<i,j<d 1 3 

and where L : B 2a — ► i?n<i(A 9 (R d )) is the operator L = £v/i + £v/i °f or der with £v/i 
denoting the Lie-derivative of (/-forms along the vector field 



dh d 

dxi dxj 



The operator C^ h is the adjoint of C-vh with respect to the metric g and is given by 
(6.58) C* vh = -{-iy {d+ ^R d - q C Vh R q 

where R q : A q (B 2ce ) — > A d ~ q (B 2ce ) is the Hodge operator associated to the metric (p*g. 
Recall that we have denoted by Cr(/i) the set of all critical points of h. Set M* := M\Cr(h). 
For an arbitrary chart (if, if)) of (M*,S\m* M*), define, as discussed in section 3, the 
symbol expansion X^>o r -2-j(h, £,x,£, t, fx) of the resolvent (fx — A q (t) — e) -1 inductively: 

r- 2 (h,e,x,£,t,n) = (//-a 2 (a;,f) - t 2 ||V/i|| 2 ) _1 
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and, for j > 1, 

(6.59) r. 2 . J = ^-a 2 -t 2 \\Vh\\ 2 )- 1 ^ a 2 (D x ) a r_ 2 _, 



a' 

l<|a|<2 
«+|a|=j 



+ (^-a 2 -t 2 ||V/ i || 2 )- 1 J2 dt^ + tL )( D *T r -*-i 

0<|a|<l 
Z+|a|=j 

+ (n-a 2 -t 2 ||V/i|| 2 ) _1 er_j. 
Note that r_ 2 -j has the following homogeneity property: for A G R + 

(6.60) r^-j-CM.x.A&A^A 1 / 2 //) = A- 2 - J r_ 2 _ J (/i,£,x,^,t,^). 

For later use, we introduce the densities ao(/i, £, x) on M* with values in R, defined with 
respect to the chart (cp, ip) and arbitrary e as 



d 

(6.61) ao(h,e,x) = — 



1 \ d 1 



l 9 I 9 ■ / * 

_q \ Z7T / Z7TZ Jj^d 



y djijt s trArr_ 2 _ d (/i, £,x,£,t = 1,//) 

= 7W~Xd f I d/j,tT N (r- 2 -d(h,e,x£,,t=l,-fi)). 
(2yr) d J Rd J 

Proposition 6.6. Assume that (M d , r = (/i, a), W) and (M' d , r' = (/*', g'),W) satisfy the 
hypothesis of Theorem B. Then for any e > 

(i) log detjv (A 9 (/i, £) +e) — log det n (A q (h' ,t) +e) /ias a complete asymptotic expansion 
for t — > oo whose free term is denoted by ao := ao(/i, a', e). 

(nj T7ie coefficient a"o can 6e represented in the form 

(6.62) a"o = / ao(/i, £, x) — / ao(h\e\x') 

J Mi JM'j 

where ao(h,s,x) and ao(h',e,x') are the densities introduced in (6.75) for arbitrary e. 
( Hi ) If dim M — d is odd then 

(6.63) a {h,h',e) + a (d- h,d- h',e) =0 (alle>0). 



Proof. The proof is based on a Mayer- Vietoris type formula (Theorem 3.6). Note that 
A q (h,t) + e is a family of invertible, selfadjoint, elliptic operators with parameter t of 
order 2 and weight 1 for any e > 0. The same is true for the operators (Aq(h,t) + s)d 
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and (A^ 7 (/i, t) + e)n obtained by restricting A q (h, t) + e to Mi and M n , respectively, and 
imposing Dirichlet boundary conditions. We can therefore apply Theorem 3.6. Denote 
by -Rcw(/i, t, e) the Dirichlet to Neumann operator defined in section 3.3. We conclude 
from Theorem 3.6 (4) that RDN{h,t,e) is an invertible pseudodifferential operator with 
parameter of order 1 and weight 2 and from Theorem 3.6 (2) we conclude that _Rdat(/i, t, e) 
is elliptic with parameter t. According to Theorem 3.4, logdetAr RDNih, t, e) has an as- 
ymptotic expansion for t — > oo. Inspecting the principal symbol of (A q (h,t) +e)d one 
observes that {A I q {h 1 t) +e) d is a family of invertible, selfadjoint differential operators with 
parameter of order 2 and weight 1 which is elliptic with parameter. From Theorem 3.5 
we therefore conclude that logdet(Ag(/i, t) +s)d admits a complete asymptotic expansion 
as t — > oo. Finally (A 1 ^ {h,i) + e) D is a family of invertible selfadjoint operators with 
parameter of order 2 and weight 1, which is, however, not elliptic with parameter. 

Of course the same considerations can be made for the system (M',h',g') to con- 
clude that log det^ Rdn (h' , t, e) and logdet;v(Ag(/?/, t) +e)d have both asymptotic ex- 
pansions for t — > oo. Applying the Mayer- Vietoris type formula (Theorem 3.6 (3)) for 
logcfe£7v(Ag(/i, t) + e) and log det n {A q {h' , t) + e) we obtain for the difference 

(6.64) log det N ( A q (h, t) +e) - log det N (A q (ti , t) + e) 

= logdet N (A I q (h,t) + e) D - log det N (A^ti ,t) + s) D 
+ logdet N (A I q I (h,t) +e) D - log det N ( A 1 / (h',t) +e) D 
+ logdetNRDNih, t, e) — logdetNRDNih 1 ', t, e) 
+ logc(h : t, e) — log c(/i', t, e). 

Note that Mn and M' n are isometric and £\Mu as we h as £'m' are trivial. Consequently 

logdet N (A I q I (h,t)+e) D = log det N ( A 1 / (h',t) +e) D . 

Due to our definition of i^-coordinates the isometry between M n and M u extends to 
neighbourhoods of Mjj and Mn. As a consequence we conclude from Theorem 3.6(4)and 
Theorem 3.4 that c(h,t,s) = c(/i',t,e) and that logdet]sfRDN(h,t,e) and 
log det]s[RDN(h' , t, e) have identical asymptotic expansions. We have therefore proved that 

logdet N (A q (h,t) + e) - log det N (A q (h' , t) + e) 

has an asymptotic expansion as t — > oo which is identical to the complete asymptotic 
expansion for log detjv(A^(/i, t) + e)d — logdetAr(Ag(/i', t) + e)o- According to Theo- 
rem 3.5 the free term in the asymptotic expansions of both log det;v(Ag(/i, t) +e)o and 
logdetAr(Ag(/i',t) + e)d consists of a boundary contribution and a contribution from the 
interior. Recall that dMj and dM'j are isometric and that in collar neighbourhoods of 
dMi and of <9M| the symbols of (A q (h,t) + e) D and (A q (h\t) + e)d are identical when 
expressed in (H)-coordinates. Therefore the boundary contributions are the same and the 
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free term in the asymptotic expansion of \ogdetN(A I q (h, t) + e) — log det jv (A^/j/ , t) +e) is 
given by 

(6.65) ao = ao(h,e,x)— / ao(h',e,x') 

J Mi JM'j 

where the densities ao(h, e, x) and ao(h' , e, x') are given by (6.61). 

Noting that ao(h, e, x) and ao(h', e, x') are identical on Mu\Cr(h) = M} J \Cr(/i / ) state- 
ment (ii) follows. Towards (iii), observe that if M is of odd dimension, the quantity 
r_d_2(/i, £, x, £, t, n) defining ao(h, e,x) satisfies, according to (6.59) and (6.60) , 

(6.66) r- d - 2 {d - h, e, x, f , t, fi) = r_ d _ 2 (/i, e, x, f , -t, fi) 
and 

(6.67) r_ d _ 2 (/i, e, x, -t, fi) = -r_ d _ 2 (/i, e, x, f , t, y). 

Therefore r_d- 2 (/i, £ 5 x, £, £, fx)+r-d-2(d—h, e, x, £, t, fx) is an odd function of £. Integrating 
over |£| = 1 we conclude that ao(h, e, x) + ao(d — h, e, x) = 0. □ 

For any e > introduce the following perturbed version of log T(/i, £) 

1 d 

(6.68) A(/i, t, e) := - ^(-l)^ +1 g log det N (A q (h, t)+e). 

%=o 

Note that A(/i, t, e) can be written as a sum 

(6.69) A(h, t, e) = A sm (h, t, e) + A 1& {h, t, e) 
where A sm is defined in a fashion analogous to logT sm (/i, £), 

1 d 

A 8m (M,e) := -^(-l)^ 1 Qlogrfet Ar (A fe g m (/i,t)+£) 

9=0 

with 

A*™(M) :=A g (/l,t)| A ,(M; £)sm 

and Ai a (t, h, e) is given by A(h,t, e) — A sm (h,t,e). Observe that the spectrum of the 
operator A^ m (/i, t) tends to as t — > oo and therefore, by Theorem 5.7 (5) 

1 



logde*jv(A! m (M) +e) = m q loge + O ( -te 



-it 



for t — > oo. This shows that A sm (/i, i, e) — A sm (h', t, e) is exponentially small as £ — > oo 
and hence, for any fixed £ > 0, it has a trivial asymptotic expansion for £ — > oo. In view 
of (6.69) and Proposition 6.6 we conclude that for any e > 0, A(/i, £, e) — A(h', t, e) and 
Ai a (h,t,e) — Ai a (h' ,t,e) have complete asymptotic expansions for £ — > oo and, moreover, 
these expansions are identical. In particular we conclude that the free terms of the two 
expansions are identical 

FT(A la (h, t, e) - A la {ti, t,e)) = FT(A(h, £, e) - A{ti, t,e)). 

Using Proposition 6.6 (ii) and the fact that the densities ao(h, e, x) and ao(h',e,x) (6.61) 
are continuous in e we obtain 
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Lemma 6.7. 

(i) For any e > 0, Ai a (h,t,e) — A\ a {h! ,t,e) has a complete asymptotic expansion for 
t — > oo which is identical to the asymptotic expansion for A(h, t, e) — A(h' , t, e). 



(ii) The limit 



lim FT(A la (h,t,e)-A la (h',t,e)) 

e— >0 



exists and is given by 

(6.70) UmFT(A la (h, t, e) - A la (ti , t, e)) 

e— >0 

= / ao(h, e = 0, x) — I ao(h', e = 0, x'). 

J Mi JM'j 

We proceed to investigate the left hand side of (6.70). For this we need the following 
estimate for the spectral function N q (t, A) of A q (t) = A q (h,t). 

Lemma 6.8. There exists a constant C > independent of t and A > 1 such that, for t 
sufficiently large, 

N l q a (t, A) < CX d . 

Proof. First note that for t sufficiently large, A q (t) > A g (0) = A g on Mj. By Weyl's law, 
we conclude 

NfaX) <<(0, A) < CiA d/2 

where N*(t, A) is the spectral function for the operator A q (t) restricted to Mj with Neu- 
mann boundary conditions (Neumann spectrum). Recall that Mj/ = UkjUkj- On each 
of the discs Ukj, A q (t), when expressed in (H)-coordinates, is the direct sum of shifted 
harmonic oscillators of the form 

d 2 

H t := — — - + t 2 x 2 + tc 
dx z 

with —a < x < a (a as in (6.61)). Following [CFKS,p.218] introduce the scaling operator 
St defined by 

S t f(x) -^tWfitx). 

Then S t i /2 ■ tK ■ S~) 2 = H t where 

K := — — +x 2 + c. 

dx z 

Therefore the Neumann spectrum of H t on the interval —a < x < a is the same as the 
Neumann spectrum of tK when considered on the interval —y/ia < x < y/ia. Denote by 
N tK . v q(X) the spectral function of the operator tK on the interval —y/ia < x < \/ia with 
Neumann boundary conditions and by ^j(X) the spectral function of the operator tK 
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on the interval —y/ta < x < y/ia with Dirichlet spectrum. Note that for alH > and A 
sufficiently large 

Comparing the Dirichlet problem for K on — \fta < x < s/ta with the one on the whole 
real line we conclude that ^(\/t) < C^A/t < C2X for t > 1 with a constant C2 > 

independent of A and t. Hence we have shown that the spectral function N^ T (t, A) of the 
operator A q (t) on Mjj with Neumann boundary conditions can be estimated by 

for a constant C3 > independent of t and A. The subadditive property of the Neumann 
spectral function implies that 

N q (t, A + 0) < Nq(t, A + 0) + Ng T (t, A + 0) < C\ d 

for some constant C > independent of t and A and for t sufficiently large. □ 

Let us introduce the trace of the heat kernel of A^ a (t), 

/oo 
e-» x dN l q a (t,\). 

Corollary 6.9. 

(i) There exists a constant C > independent oft and fx such that, for t sufficiently 
large and fx > 

(6.71) e q (t,fj) <Cfi~ d . 

(ii) There exist constants C > and (3 > independent of t and fi such that, for t 
sufficiently large, and fi > 1/ \ft 

(6.72) e q {t,Li)<Ce-^. 
Proof. 

(i) By Proposition 5.2 there exists a constant C\ > such that spec(Ag a (t)) C [C\t, 00) 
and therefore 

/•OO 

6 q (t,n) = / e-» x dN q (t,\). 

JC x t 

Integrating by parts we obtain 

/•OO 

(6.73) e q {t,n)<n\ e~ flX N q (t,\)d\. 

JC x t 
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By Lemma 6.8, one then concludes 

r~i i* co 

q (t, n) < — / e- x X d d\ < C//j d . 
(ii) From (6.72) and Lemma 6.8 we obtain 

poo 

OM, n) < Cfie- C ^ 2 / e~^ 2 X d dX < ^e~ c ^ 2 . 

Jc x t ~ V d 

By choosing (3 < Ci/2 and C > sufficiently large we obtain (ii). □ 

Recall from Theorem A that log T\ & {h, t) has an asymptotic expansion for t — > oo. 
Proposition 6.10. 

lim FT(Ai a (h, t, e) - A la (ti , t,e)) = FT(logT la (h, t)) - FT(\ogT la (h' , t)). 

Proof. We verify that the function, defined for e > and t sufficiently large by 

H(t, e) := A la (h, t, e) - A la (ti, t, e) + \ogT la (h, t) - \ogT la (ti, t) 
is of the form 

d 

(6.74) H(t,e) = J2^fk(t)+9(t,e) 

k=i 

where g(t, e) = o(l) uniformly in e. The statement of the proposition can be deduced from 
(6.74) as follows: Recall that for e > 0, H (£, s) has an asymptotic expansion for t — > oo. 
As g(t,e) = o(l) uniformly in e we conclude that for any e > 0, J2k=i £k fk(t) has an 
asymptotic expansion for t — > oo. By taking <i different values < S\ < ■ ■ ■ < Ed for e and 
using that the Vandermonde determinant is nonzero 



(ex ... 4 
det : : 
\e d ••• e? 



7^0 



we conclude that for any 1 < < d, has an asymptotic expansion for t — > oo and 

that for any £ > 

d 

FT(/f(t, £ )) = ^ £ fc FT(/ fc (t)). 

fe=i 
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Hence lim £ ^ FT(H(t, e)) exists and lim e ^ FT(H(t, e)) = 0. To prove (6.74)we introduce 
the zeta function Q q ^ a of A^ a (t) + £, 



(6.75) 



1 f°° 

C«,ia(*, e, s) = ^ y fJ, a -%(t, ^e'^d/j 



with 6> 9 (t, /Li) given as above. The integral in (6.75) can be split into two parts 



(6.76) 

and 

(6.77) 

First let us consider 



(6.78) C£ fa (*, «) - e = 0, s ) = ^ 

Note that 



I f°° e~ eM - 1 



is, by Corollary 6.9 (ii), an entire function of s. Noting that 

d ( 1 



s=0 



and that 1 — e eM < we obtain 

, d 



(l ^^((iia(t,e,s)-( I qM (t,e = 0,s))\ 



/ 6 q (t,fi) 

Ji/Vt V 



dfi\ 



~ Ji/Vt & 
where we have used Corollary 6.9. To analyze the term 

^ s=o (C^ a (t, e, s) - (^(t, e = 0,s)), 



first expand (e eM — l)//i 



(e-^ - = J2 H^V" 1 + e d+ V d e(£, /*) 



fc=i 



fe! 



72 



where the error term is given by 



\k=d+i 



Note that, by Corollary 6.9, n d O q (t, jj) < C and therefore 

r i/Vt 
Jo 

is a meromorphic function of s,with s = 0a regular point and, for t sufficiently large 



d 



ds 



^%(t^)^ d <^^)^ 



< e d+1 C/Vt 



where C is independent of t and e, < s < 1. Finally, recall that 9 q (t, fx) admits an 
expansion for [i — > 0+ of the form 

d 

9 q (t^) = J2c j (t)^- d)/2 + 0' q (t,fi) 

3=0 

where 6 q (t, fi) is continuous in fj, > 0. Therefore, for 1 < k < d, 

f, s e q (t^)-—Le k f, k - l df, 



m Jo 

is analytic in s at s = and 

d 



k\ 



E 



fc=i 



(is 



is of the form Y,k=\ £ ■/*(*)• This establishes (6.74). □ 

Proof of Theorem B. From Theorem A we know that logTi a (h,t) — logTi a (h' , t) has an 
asymptotic expansion for t — > oo. By Proposition 6.10, the free term of the asymptotic 
expansion ao is given by 

a = lim FT(A ;a (/i,t, £ ) - A ia (/i', t, e)). 

e— »0 

By Lemma 6.7 (ii) we conclude that 

/ ao(/i, e = 0, x) — / ao(h', e = 0, a/). 
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Equation (6.69) is proved in Proposition 6.5 (iii). In view of the equality 



FT(\ogT an (h,t) -\ogT sra (h,t)) = FT(\ogT l& (h,t)) 

one can see that ao is independent of h and h' within the class of functions h and h' which 
give rise to the same cochain complexes C*(M;r,W) respectively C* {M;r' , W). This 
combined with the locality of ao implies that f Mi cio(h,e = 0, x) = f Mi ao(h',e = 0, x') 
which in turn implies (ii). □ 

Proof of Corollary C. Choose a bijection O : Cr(/i) — > Cr(h') so that 0(x q .j) is a critical 
point x' q .j of h' of index q. By assumption extends to an isometry O : ^ q ,jU q j — > L) q jU q j 
where (U q j) and (U' q j) are systems of H- neighbour hoods for h, respectively h! . Denote 
by r, respectively, r' the triangulation induced by (h,g), respectively (h',g') and by tt>, 
respectively rip the triangulations tx> = (d — h,g), respectively rip = (d — h',g'). It 
follows from Poincare duality and d odd that log T met (r) = logT met (rx)) and logT com b(r) = 
logT comb (rx)) • 

Using Theorem A for both h and d — h, we obtain 

21ogT an - 21ogT^ n = FT(logT an (M) - logT an (/i', t)) 

+ FT(logT an (d - M) - logT an (d - /i', t)) 
+ 2 log T met (r) -2 log T met (r') 

Decomposing logT an (/i, t) = logTi a (/i, t) +logT sm (/i, t) and taking into account the asymp- 
totics of log T sm (/i, t) (cf Theorem A) we conclude that 

2 logT an - 2 logT an = 2 log T comb (r) - 2 logT comb (r') 

+ FT(logT la (M) -logT la (/i',t)) 

+ FT(logT la (d -h,t)- logT la (d -h',t)) 

from which the Corollary follows by (6.55) and (6.56). □ 

6.3 Proof of Theorem 2. 

In this subsection we provide the proof of Theorem 2 using Corollary C of subsection 6.2 
together with the product formulas for the Reidemeister torsion and the analytic torsion 
established in Proposition 4.1. 

First we need the following result concerning the metric anomaly of the analytic torsion, 
which is a straightforward generalization of a classical result due to Ray-Singer [RS] , and 
can be proved by arguments similar to the ones presented in subsection 6.1. 

Lemma 6.11. Let M d be a closed manifold of odd dimension d such that (M, W) is of 
determinant class. Assume that g{u) is a smooth one-parameter family of Riemannian 
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metrics on M. Then log T an (M, g(u), W) is a smooth function of u whose derivative is 
given by 

(6.79) ^logT an (M,<7(«),>V) = ~ ^(-l)«logdet N (^(«) V,(«)) 

where cr q (u) is the A-linear, bounded isomorphism 

a q {u) : NullA g (w ) — ► NullA 9 (u) 
provided by Hodge theory and uq is arbitrary but fixed. 

Given generalized triangulations r = (h,g') and r' = (h',g") of M, r' is called a 
subdivision of r if 

(1) Gr q (h) C Cr g (/i') (0 < q < d) 

(2) W±(h',g") C W±(M') for any x G Cr g (/i). 

The following result can be found in [Mi2]: 

Lemma 6.12. Let t = (h,g f ) be a generalized triangulation, < q < d — 1 an integer 
and x, y two distinct points in M \ Cr(h). Then there exists a generalized triangulation 
t' = (h',g") with the following properties: 

(1) Gr k (h') = Cv k (h) for k + q, q + 1; 

(2) Cr q (h') = Cr q (h)U{x}; Cr q+1 (h') = Cr q+1 (h) U {y}; 

(3) t' is a subdivision of r; 

(4) W~ fl is connected. 

Since the Reidemeister torsion does not change under subdivision (cf [Mil]), one obtains 

T Re (M, g, W, r) = T Re (M, g, W, r'). 

Proof of Theorem 2 By Lemma 6.12, which concerns the metric anomaly, and in view of 
the definition of T met , it suffices to prove Theorem 1 in the case where g = g', t = (g 1 , h). 

Consider the sphere S 6 = {x = (xi, . . . ,xr) G M 7 ; = 1} with an arbitrary gen- 

eralized triangulation T\ = (hi,gi). Let r = (h,g) be a generalized triangulation for M 
and consider M x S 6 , endowed with the Riemannian metric g x gi and the triangulation 
T x n = (h + h 1 , g x g t ) . Note that V = tv 1 (M) = tv 1 (M x S 6 ) . By assumption, (M, W) is 
of determinant class. As S 6 is of determinant class, (M x S 6 , W) is of determinant class 
as well. Moreover, by the product formulas of Proposisiton 4.1, 

(6.80) log T an (M xS 6 ,gx g u W) =2 log T an (M, g, W) 
and 



(6.81) 



log T Re (M xS 6 ,gx gi ,W,rx n ) =2 logT Re (M, g, W, r) 
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where we used that x(S 6 ) = 2 and that %(M, W) = (as M is of odd dimension). 

Next, consider the product S 3 x S 3 of the 3-spheres, S 3 = {x = (xi, . . . , X4) G 
M 4 ; Yl x2 j = 1}' with an arbitrary generalized triangulation r 2 = (h 2 , g 2 ). Arguing as above, 
we conclude that (MxS 3 x S 3 , W) is of determinant class and that, by the product formulas 
of Proposisiton 4.1, 

log T an (M xS 3 xS 3 ,gx g 2 ,W) =0 

and 

log T Re (M xS 3 xS 3 ,gx g 2 ,W,r x r 2 ) =0 

where we used that x(S 3 x S 3 ) = and that x(M, W) = 0. 

Choose a subdivision r' = (h\ g") of the generalized triangulation r x n in M x S 6 and 
a subdivision r" = (h", g") of the generalized triangulation r x r 2 in M x S 3 x S 3 so that, 
for < q < 6, #Cr q (ti) = #Cr q (/i"). This is possible because MxS 6 and M x S 3 x S 3 
are both of odd dimension and therfore %(M x S 3 x S 3 ,W) = x(M x S 6 , W) = 0. We 
conclude from the above, Corollary C, Lemma 6.11 and Lemma 6.12 that 

2 log T an (M, g,W)-2 log T Re (M, g, W, r) 

= log T an (M xS 6 , 9 x - log T Re (M xS 6 , S x ?ll W,rx n) 

= log T an (M x S 6 , g' , W) — log T Re (M x SV, W, r') 
= log T an (M x5 3 x S 3 , g", W) - log T Re (M x5 3 x S 3 , W, r") 
= log T an (M xS 3 x5 3 ,9X g 2 , W) - log T Re (M xS 3 xS 3 , 5 x ^, W, r x r 2 ) = 0. 

This proves Theorem 2. 



76 



References 



[At] M.Atiyah, "Elliptic operators, discrete groups and von Neumann algebras", Asterisque 32-33 

(1976) , 43-72. 

[BFK1] D. Burghelea, L. Friedlander, T. Kappeler, "Asymptotic expansion of the Witten deformation 
of the analytic torsion", preprint. 

[BFK2] D. Burghelea, L. Friedlander, T. Kappeler, "Mayer- Vietoris type formula for determinants of 
elliptic differential operators", J. of Funct. Anal. 107 (1992), 34-66. 

[BFK3] D. Burghelea, L. Friedlander, T. Kappeler, "Analytic and Reidemeister torsion for representa- 
tions in finite type Hilbert modules, part II ", in preparation. 

[BZ] J.P.Bismut, W.Zhang, "An extension of a theorem by Cheeger and Muller", Asterisque 205 

(1992), 1-223. 

[CFKS] H.L.Cycon,R.G.Froese,W.Kirsch, B.Simon, "Schrodinger operators", Text and monographs in 
Physics, Springer Verlag (1987). 

[Ch] J. Cheeger, "Analytic torsion and the heat equation", Ann. of Math. 109 (1979), 259-300. 

[CM] A.L.Carey, V.Mathai, "L 2 -torsion invariants", J. of Funct. Anal. 110 (1992), 377-409. 

[Co] J.Cohen, "Von Neumann dimension and the homology of covering spaces", Quart. J. of Math. 

Oxford 30 (1970), 133-142. 

[Di] J.Dixmier, "Von Neumann algebras", North-Holland, Amsterdam, 1981. 

[Do] J.Dodziuk, "DeRham-Hodge theory for L 2 cohomology of infinite coverings" , Topology 16 

(1977) , 157-165. 

[Ef] A.V.Efremov, "Combinatorial and analytic Novikov-Shubin invariants" , preprint. 

[FK] B.Fuglede, R.V.Kadison, "Determinant theory in finite factors", Ann. of Math. 55 (1952), 

520-530. 

[FM] A.T. Fomenko, A.S.Miscenko, "The index of elliptic operators over G* - algebras" , Math. USSR 
Izvestija 15 (1980), 87-112. 

[Gi] P. Gilkey, " Invariance theory, the heat equation, and the Atiyah-Singer index theorem", Publish 

or Perish, Wilmington, 1984. 

[Go] D.Gong, "Li-analytic torsions, equivariant cyclic cohomology and the Novikov conjecture", Ph.D 

Thesis S.U.N.Y (Stony Brook) (1992). 

[GS] M.Gromov, M.A. Shubin, "Von Neumann spectra near zero", Geom. and Funct Anal. 1 (1991), 

375-404. 

[Ho] L.Hormander, "The analysis of linear partial differential operators", vol. Ill, Springer Verlag, 

New York, 1985. 

[HS1] B.Helffer, J.Sjostrand, "Puits multiples en mecanique semi-classique,IV Etude du complexe de 
Witten", Comm. in PDE 10 (1985), 245-340. 

[HS2] B.Helffer, J.Sjostrand, "Multiple wells in the semi- classical limit I", Comm PDE 9 (1984), 
337-408. 

[Lee] Y.Lee, "Mayer- Vietoris type formula for determinants", preprint. 

[Le] S.Levendorskii, "Degenerate elliptic equations", Kluwer Academic Publishers, Dordrecht, 1993. 



77 



[Lo] J.Lott, "Heat kernels on covering spaces and topological invariants", J. of Diff. Geo. 35 (1992), 

471-510. 

[LL] J.Lott, W.Liick, "L 2 — toplogical invariants of 3-manifolds" , preprint. 

[Liil] W.Liick, " Analytic and algebraic torsion for manifolds with boundary and symmetries", J. of 
Diff. Geo. 37 (1993), 263-322. 

[Lii2] W.Liick, "L 2 — torsion and 3-manifolds", preprint. 

[Lii3] W.Liick, "Approximating L 2 — invariants by their finite dimensional analogues", GAFA 4 (1994), 
455-481. 

[LR] W.Liick, M.Rothenberg, "Reidemeister torsion and the K-theory of von Neumann algebras", 

K-theory 5 (1991), 213-264. 

[Lu] G.Luke, "Pseudodifferential operators on Hilbert bundles", J. of Diff. Equ. 12 (1972), 566-589. 

[Ma] V.Mathai, "L 2 analytic torsion", J. of Funct.Anal. 107 (1992), 369-386. 

[Mil] J.Milnor, "Whitehead torsion", Bull AMS 72 (1966), 358-426. 

[Mi2] J.Milnor, "Lectures on h-cobordism theorem", Princeton University Press. 

[Mii] W.Miiller, "Analytic torsion and R-torsion on Riemannian manifolds" , Adv. in Math. 28 

(1978), 233-305. 

[NS1] S.P.Novikov, M.A.Shubin, "Morse theory and von Neumann Il\-factors" , Dokl.Akad.Nauk 
SSSR 289 (1986), 289-292. 

[NS2] S.P.Novikov, M.A.Shubin, "Morse theory and von Neumann invariants on non-simply con- 
nected manifolds", Uspekhi Nauk 41 (1986), 222-223. 

[Po] M.Pozniak, " Triangulation of smooth compact manifolds and Morse theory", Warwick preprint 

11 (1990). 

[RS] D. B. Ray, I. Singer, "R-Torsion and the Laplacian on Riemannian manifolds", Adv. in Math. 

7 (1971), 145-210. 

[Sel] R.Seeley, "Complex powers of elliptic operators", Proc. Symp. Pure and Appl. Math. AMS 10 

(1967), 288-307. 

[Se2] R.Seeley, "Analytic extension of the trace associated with elliptic boundary problems.", Amer.J. 

Math 91 (1969), 963-983. 

[Shi] M. Shubin, "Pseudodifferential operators and spectral theory", Springer Verlag, New York, 1980. 

[Sh2] M. Shubin, "Pseudodifferential almost-periodic operators and von Neumann algebras", Trans. Moscow 
Math. Soc. 1 (1979), 103-166. 

[Si] I. M. Singer, "Some remarks on operator theory and index theory", in K-Theory and Operator 

Algebras, Proceedings 1975, Lecture Notes in Mathematics, vol 575, 1977, Springer Verlag. 

[Wi] E.Witten, "Supersymmetry and Morse theory", J. of Diff. Geom. 17 (1982), 661-692. 



78 



